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MSW effect in quantum field theory
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We show in detail the general relationship between the Schro¨dinger equation approach to calculating the
MSW effect and the quantum field-theoreticalS-matrix approach. We show the precise form a generic neutrino
propagator must have to allow a physically meaningful ‘‘oscillation probability’’ to be decoupled from neu-
trino production fluxes and detection cross sections, and explicitly list the conditions—not realized in cases of
current experimental interest—in which the field theory approach would be useful.@S0556-2821~99!01619-7#
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I. INTRODUCTION

Recent results from the Super-Kamiokande experim
@1# have confirmed, with high statistics, the reality of t
solar@2# and atmospheric@3# neutrino anomalies. In the cas
of the atmospheric neutrino anomaly, the Super-Kamioka
data can be interpreted as providing evidence that
anomaly is due to neutrino flavor mixing@4#, and ‘‘long
baseline’’ accelerator and reactor neutrino experiments m
be able to confirm this conclusion@5#. Data from Super-
Kamiokande and the Sudbury Neutrino Observatory~SNO!
eventually should allow tests to determine if the solar n
trino anomaly is also due to neutrino oscillations@6#. These
developments are bringing to a critical test the possibi
suggested by earlier observations of solar and atmosph
neutrinos—and by a persistent signal in an accelerator n
trino experiment, the Liquid Scintillation Neutrino Detect
~LSND! @7#—that neutrino flavor mixing may provide one o
the first experimental windows on physics beyond the st
dard model.

In a generic neutrino oscillation experiment the event r
for the detection ofnb from a flux ofna from a point source
at distanceL takes a form such as the following:

dGab5E dEqS dGa,na

L2 dVq dEq
D ~Pna→nb

!~dsnb ,b!, ~1!

where the direction of the neutrino momentumq points from
the source to the detector. The first factor in the integra
represents the flux of neutrinos of energyEq from a process
involving a charged lepton of flavora, and the third factor is
the cross section for neutrino detection via a process inv
ing a charged lepton of flavorb. These factors are compute
by the standard techniques of quantum field theory~QFT!,
with the approximation of massless neutrinos.

The middle factor—the so called ‘‘oscillatio
probability’’—is typically computed with a quantum me
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chanical model of the oscillation process. In this model
neutrino state inhabits a Hilbert space whose dimensio
equal to the number of neutrino flavors. The Hilbert space
spanned by a mass basis and a flavor basis. These base
connected by a mixing matrix, taken to be the same as
which connects neutrino ‘‘flavor fields’’ to neutrino ‘‘mas
eigenstate fields’’ in a field theory Lagrangian. The Ham
tonian is simply the particle energy, and the phenomenon
neutrino flavor oscillations arises because the Hamiltonia
not diagonal in the flavor basis. It was pointed out
Wolfenstein@8# that the parameters of flavor oscillations a
altered in the presence of matter because of the effec
mass induced by neutrino forward scattering off the ba
ground. The effective mass, which contributes to the Ham
tonian in this quantum mechanical model, can be compu
by employing the famous formula relating the index of r
fraction to the forward scattering amplitude, where this a
plitude is computed from QFT using standard interactio
Since the effective mass due to the background is diagon
the flavor basis, in the limit of slowly varying backgroun
density the total Hamiltonian is diagonal in a new basis,
‘‘instantaneous mass’’ basis. Mikheyev and Smirnov@9#
subsequently noted that a level crossing of the ‘‘instan
neous neutrino mass eigenstates in matter’’ occurs in a b
ground of monotonically varying density. The resultin
Mikheyev-Smirnov-Wolfenstein ‘‘~MSW! effect’’ consti-
tutes a new mechanism of flavor transformation that allow
parameter space of solution to, for example, the solar n
trino problem, that is very different from that provided b
vacuum neutrino oscillations.

The means just described of computing an experime
event rate for neutrino flavor transformations has the vir
of simplicity. However, being somewhat schizophrenic in
amalgamation of quantum field theoretical and quantum m
chanical methods, it is not surprising that studies have
peared in which the neutrino production/oscillation/detect
is examined as a single process in the context of QFT, w
the neutrinos being virtual particles@10–15#. These studies
identify the conditions for which the amplitude for this ove
all process factorizes. However, by not showing the co
plete relationship between this amplitude and the neutr
production flux and detection cross section, these stu
©1999 The American Physical Society12-1
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lack a firm justification~other than recognition from the
usual quantum mechanical picture! for calling a particular
factor an ‘‘oscillation amplitude.’’1 In addition, previous
works employing this ‘‘scattering approach’’ to flavor mix
ing have only considered vacuum flavor oscillations; it is o
purpose here to consider the MSW effect in the contex
QFT. Our approach is complementary to the work of R
@16# where this is derived from QFT within the context
relativistic Wigner functions.

In this scattering approach to neutrino oscillations,
derivation of the usual Schro¨dinger equations for the MSW
effect in the presence of a spatially varying background
rather trivial consequence of the virtual neutrinos going
shell, since in that case the multiparticle nature of QFT
comes irrelevant. This property was noted in Ref.@11# in the
context of vacuum oscillations. If this property is invali
then the usual quantum mechanical treatment must be m
fied and the quantum field theoretical treatment becom
useful. Hence, perhaps the most important point of this pa
is that the usual quantum mechanical treatment should
modified suitably if one of the following conditions hold
the on-shell neutrino momentum is nonrelativistic, the n
trino production or detection vertices are non-chiral, t
wave packets of the external production/detection partic
are sensitive to momentum variations of the order of inve
source-detector distance, or the neutrino effective mass s
tings ~determined by the effective potential including th
background matter contributions! are large compared to th
spread in the momenta of the external particles.

We begin in Sec. II with a discussion of general neutri
oscillations. While this ground has been partially explor
previously, the discussion will serve to clarify some of t
physics of the oscillation process and identify the exten
which the neutrino propagator determines the probability
neutrino oscillations. In particular, we do not assume
vacuum propagator at the outset; we find the precise for
generic propagator must take to allow a physically meani
ful ‘‘oscillation probability’’ to be decoupled from neutrino
production fluxes and detection cross sections, and pinp
the component that gives rise to the oscillation amplitude
Sec. III, we discuss the effective Lagrangian approximat
assumed in our framework; as specific examples we dis
e6 and neutrino backgrounds, including an outline of how
obtain a self-consistent neutrino background in, for exam
the supernova environment. Having identified the Gree
function ~or propagator! as that which determines the portio
of the neutrino oscillation probability that is independent
the production/detection mechanisms, in Sec. IV we st
the Green’s function of an effective theory of neutrinos in
static, uniform background, finding a rich pole structu

1A partial connection is made in Ref.@11#, where it is shown, for
example, how the 1/L2 flux factor and on shell momentum spac
neutrino spinors arise from the vacuum propagator. However,
overall event rate they arrive at by ‘‘heuristic consideration,’’ to u
their words, contains a normalization constant. The relationshi
this normalization constant to the coordinate space external par
spinors they employ is left unspecified.
07301
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Great simplification occurs in the relativistic limit, and w
recover the same oscillation amplitude obtained with
usual quantum mechanical model. In Sec. V, we study
Green’s function in a nonuniform background potential. U
der appropriate conditions we recover the usual Schro¨dinger-
type equation for the oscillation amplitude. Section VI co
tains concluding remarks. An Appendix contains a quick a
easy derivation in QFT of fully normalized neutrino oscill
tion event rates in the form of Eq.~1!, which is justified by
the more complete treatment in Sec. II.

II. GENERAL n OSCILLATIONS

For the sake of completeness and to establish the se
of our calculation, we give a general overview of the ne
trino oscillation calculation in field theory, going beyon
previous works@10–15# in a couple of ways. While earlie
studies demonstrated the factorization of the amplitude un
suitable conditions—enabling identification of the fact
called the ‘‘oscillation amplitude’’ in the standard picture—
they do not go all the way to a fully normalized expressi
like that of Eq. ~1!, leaving one without an unambiguou
physically meaningful reason to name this factor an ‘‘osc
lation amplitude.’’ In addition, previous works exploring th
conditions under which the neutrino propagator determi
the oscillation probability, independent of the details of ne
trino production and detection, have only considered
vacuum propagator. As a prelude to studying the MSW
fect, we seek to elucidate the form a generic neutrino pro
gator must have to make it possible to disentangle the n
trino oscillation probability from the production/detectio
mechanisms.

In this section we consider generalities without comm
ting to a particular model~Lagrangian!, establishing the con-
nection between a physically clear definition of oscillati
probability @given by Eq.~1!# and the neutrino propagato
For a simple choice of external particle wave packets,
will give a fairly general expression for the neutrino oscill
tion event rate including a ‘‘calculated’’ normalization. Fo
illustration, in the Appendix we give an explicit calculatio
leading to a fully normalized event rate like Eq.~1! in the
context of a semirealistic model Lagrangian.

In field theory and in physical situations, we distinguish
given flavor of neutrinos by their interactions with charg
leptons. If we calculate the probability amplitude for the pr
cess involving flavora at the source of the neutrinos an
flavor b at the detector of the neutrinos, we can calculate
probability of neutrino oscillations ofa→b. The flavor of
each interaction can be distinguished by measurable,
shell, external particles~i.e., the charged leptons!. Hence,
calculating neutrino oscillations is equivalent to calculating
scattering event where a neutrino propagator connects
flavor distinguishing vertices with external particles comi
from them.

In calculating scattering quantities such as cross secti
we usually calculate the plane wave scatteringS matrix:

S~$ki%,$pj%!21[~2p!4d4S (
l

~21!dlpl

1(
l

~21!slkl D iM, ~2!

e

of
le
2-2
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MSW EFFECT IN QUANTUM FIELD THEORY PHYSICAL REVIEW D60 073012
where M is the usual invariant amplitude calculated wi
Feynman diagrams in momentum space andsl5dl51 for
incoming particles and 0 for outgoing particles~the grouping
of the momenta will be explained shortly!. This is considered
to be a good approximation in the case of calculating us
collider event rates since there the events of interest o
within a single volume element before the final state partic
are detected, and the corrections arising from localization
the interactions usually are not important to the detect
rate. However, because neutrino oscillations involve qu
tum interference effects over macroscopic distances wh
separate the production point and the detection point of
neutrinos, we must take more care to account for the lo
ization of the interaction points to calculate the leading or
observable quantity.

This localization of the vertices necessarily requires t
the incident and final states be spatially localized wave pa
ets instead of plane wave states.~As we shall see, analyse
which appear to use only plane wave external states w
restricting spatial integrations in anad hocmanner@12,15#
actually have complicated wave packets buried beneath
surface.! Hence, the probability amplitude2 is a superposition
of Eq. ~2!,

A5E )
j

11FD

@dpj #cD j~pj ,pj ! )
i

I S1FS

@dki #cSi~ki ,ki !

3@S~$km%,$pm%!21#, ~3!

where @dpj #5d3pj /@(2p)3A2Epj
#, $km% are the externa

momenta of the vertex at the production region cente
aboutxS , and $pm% are the external momenta of the dete
tion region centered aboutyD . Here the set of parameterspm

andkm characterize the peak of the wave packets’ distri
tion of momenta.3 We have also fixed the number of extern
particles to beI S incoming andFS outgoing particles at the
source vertex, and 1 incoming andFD outgoing external par-
ticles at the detector vertex.

Now, let us see how this is related to the usual quant
mechanical treatment. The procedure for calculatingPna→nb

in Eq. ~1! in a quantum mechanical model was described
Sec. I. In field theory,Pna→nb

defined by Eq.~1! can be
calculated by comparing Eq.~1! with the event rate derived
from Eq. ~3!. We associateAS with the amplitude for$I S%

→$FS%1 na

(2)

at the source andAD with the amplitude for

2Our conventions for the metric,g matrices, and normalization
are the same as Ref.@17#. The wave packet normalization i
*d3p(2p)23uc(p)u2 5 1. A plane wave packet c(p,p8)
5@(2p)3/AV#d3(p2p8), whereV is a volume factor, follows this
normalization convention provided@d3(p2p8)#2 is interpreted as
@V/(2p)3#d3(p2p8).

3The 0th component of these ‘‘parameters’’ is taken to be on m
shell since we will choose the wave packets such that they be
like plane waves for large values of the spatial components of th
‘‘parameters.’’
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→$FD% at the detector~we specialize to one detecto
particleD), and choose plane wave packets for the sourc
final state~anti!neutrinos and the detector’s initial state~an-
ti!neutrinos:

AS5
1

A2EqAV
E )

i

I S1FS

@dki #cSi~ki ,ki !@SS~$km%,q!21#,

AD5
1

A2EqAV
E )

j

11FD

@dpj #cD j~pj ,pj !@SD~$pm%,q!21#,

~4!

where q5(Eq ,L̂Eq) is the neutrino momentum, andL̂
5(yD2xS)/uyD2xSu points from the source to the detecto
In AS andAD we have implicitly assumed that the neutrin
are massless, because massive flavor eigenstates cann
asymptotic states. Standard kinematics then yields the r
tionship

uAu2

T
5E dEq Eq

2

~2p!3L2vnD

uA Su2V

TS
P na

(2)
→ nb

(2) uA Du2V

TD
, ~5!

whereV is the usual total volume factor associated with t
phase space and normalization of plane wave packets;T, TS ,
andTD are the usual time factors associated with station
wave packets;vnD is the Mo” ller speed~associated with the
flux! between the detector particle and the neutrinos; anL
[uyD2xSu.

As just indicated, we make the simplifying assumption
stationary wave packets. The main simplifying utility of th
energy conservation approximation is to get rid of the n
trino momentum integral.4 We encode our assumption of st
tionarity by defining spatially smeared functions

gS~x,$ki%,q! ei(
l

(21)slkl•x

5E )
j

I S1FS

@dkj #cS j~kj ,kj !e
i(

l
(21)slkl•xiMS~$ki%,q!,

gD~y,$pi%,q!ei(
l

(21)dlpl•y

5E )
j

11FD

@dpj #cD j~pj ,pj !e
i(

l
(21)dlpl•yiMD~$pi%,q!.

~6!

We note thatMS andMD have the form~assumingV2A
lepton currents!

MS~$ki%,q!5ū2~q!PRM1~$ki%!,

MD~$pi%,q!5M2~$pi%!PLu2~q! ~n osc!,

ss
ve
se4We refer the reader to Ref.@14# and references therein for relate
discussions regarding coherence.
2-3
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CHRISTIAN Y. CARDALL AND DANIEL J. H. CHUNG PHYSICAL REVIEW D 60 073012
MS~$ki%,q!5M2~$ki%!PLv1~q!,

MD~$pi%,q!5 v̄1~q!PRM1~$pi%! ~ n̄ osc!, ~7!

whereM1 andM2 are, respectively, column and row vecto
in spinor space, andPL andPR are the left- and right-hande
chiral projection operators. Following the conventions
@17#, we represent the spinorsu andv as

us~q!5S Aq•sjs

Aq•s̄jsD , vs~q!5S Aq•shs

2Aq•s̄hsD , ~8!

wheresm5(1,s),s̄m5(1,2s), ands is the three-vector of
Pauli matrices. Since these are spinors for massless part
the spin indexs is associated with the spin component alo
the momentum axis; specifically, we havej25h1, j15

2h2, with s•q̂j6(q̂)56j6(q̂). Setting Eqs.~4!, ~6! into
Eq. ~5! yields

~2p!dS (
l

~21!slEkl
1(

l
~21!dlEpl D P na

(2)
→ nb

(2)

516p2L2vnD

uAu2

T
ug̃S~2q,$ki%!u22ug̃D~q,$pi%!u22,

~9!

where we have defined

g̃D~q,$pi%![E d3y gD~y,$pi%,q!ei (q2(
l
(21)dlpl )•y,

~10!

and similarly for g̃S . Stationarity constrainsuqu[Eq5
2( l(21)slEkl

.

Let us turn our attention toA. Given that we have a
neutrino propagatorG in our amplitude, and assumingV
2A lepton currents, we can write

S~$ki%,$pj%!21

5E d4y ei (
l
(21)dlpl•yE d4x ei (

l
(21)slkl•x

3 i E d4s

~2p!4e7 is•(y2x)M2 PL G~s! PR M1 , ~11!

whereM1 and M2 are the same as in Eqs.~7!, ands is the
off-shell propagator momentum. The upper~lower! sign of
7 in the exponential is for neutrino~antineutrino! oscilla-
tions; this arises from choosingx (y) to always correspond to
the source~detector!. That is, for neutrino oscillations of fla
vor a to flavor b, the Green’s function isiGba(y,x)
5^T$nb(y) n̄a(x)%&05 i *@d4s/(2p)4# e2 is•(y2x)Gba(s)
~with T $ % and ^&0 denoting a time-ordered product an
vacuum expectation value, respectively!, while for an-
tineutrino oscillationsa→b, the labeling isiGab(x,y).

Insert the identity
07301
f

es,

qmQn$gm ,gn%

2q•Q
51 ~12!

on both sides of the Green’s function in Eq.~11!, where as
before q5(Eq , L̂Eq), and we define Q

5@Eq , L̂A(Eq)
22m2# in which the parameterm2,Eq

2 ,
though its precise value is unimportant in this context. W
note that sinceq is null, q•g5(su

s(q)ūs(q) ~or q•g

5(sv
s(q) v̄s(q), if one wishes to consider antineutrino o

cillations!. From the explicit form ofu andv it is easy to see
that

PL ~q•g!~Q•g!5PL u2~q!ū2~q! ~Q•g!,

PL ~Q•g!~q•g!5~Q•g! PR u1~q!ū1~q!,

~Q•g!~q•g! PR5~Q•g! u2~q!ū2~q! PR ,

~q•g!~Q•g! PR5u1~q!ū1~q! PL ~Q•g!. ~13!

@The same relations hold foru6(q) replaced byv7(q).#
Soon we will show the form that the Green’s function mu
have, after localization by the source and detector, in or
that the term withu2 ~or v1) on both sides ofG be the only
one to contribute. If more than one spin contributes, we w
not recover the usual quantum mechanical treatment with
spins taken into account. In that case, working with the f
scattering picture of Eq.~3! is useful. Keeping only the term
with the relevant spinor on either side ofG, one can show
that Eq.~3! becomes

A52E d4y gD~y,$pi%,q! ei (
l
(21)dlpl•y

3E d4x gS~x,$ki%,q! ei (
l
(21)slkl•x

3 i E d4s

~2p!4e7 is•(y2x)P̄ G~s! P, ~14!

whereP5g0u2(q)/(2Eq)5g0v1(q)/(2Eq), P̄5P†g0, and
gS andgD are given by Eq.~6!.

In passing, we would like to remark that in Eq.~14!, we
can always write~for neutrino oscillations, for example!

gS~x,$ki%,q! ei (
l
(21)slkl•x5 i ū2~q! M1~$ki%! f S~x,$ki%!

~15!

~and similarly for gD) where f S is a scalar function ofx.
Then we obtain the form~again assuming the single-sp
contribution is justified after spatial integration!

A5E d4x d4y fS~x,$ki%! f D~y,$pi%!

3E d4s

~2p!4
e2 is•(y2x)iM~$ki%,s,$pi%!, ~16!
2-4
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MSW EFFECT IN QUANTUM FIELD THEORY PHYSICAL REVIEW D60 073012
which is a common starting point of analysis in the literatu
as in Refs.@12,15#. However, with arbitrarily chosen smea
ing functionsf, it is difficult to assess what actual scatterin
question the amplitude is an answer to, because the sme
functions are not the wave functions of the in-out particl
but are the wave functions smeared over the matrix eleme
As a consequence, the normalization is usually ignored
this approach. We will return to the normalization later
this section.

Returning to Eq.~14!, integration overx0, y0, and s0

gives an overall energy-conservingd function and setss0

5Eq ~for antineutrino oscillations,s052Eq). We also note
that the chiral structure ofP̄ GP ~as well as the origina
matrix element! picks out only theGLR block of the neutrino
propagator, whereGLR is the nonzero 232 submatrix left by
PLGPR . In addition, the localization ofgS andgD aroundxS
and yD , respectively, ‘‘clamps down’’ on the coordinat
space Green’s function. In particular, if the characteris
widths LS and LD of gS and gD are much smaller than th
source-detector distanceL5uyD2xSu, we note that if the
‘‘oscillation probability’’ is to be disentangled from the de
tails of neutrino production and detection, the relevant p
tion of the Green’s function for oscillationsa→b must take
the form

GLR
ba~s05Eq ,y,x!5E d3s

~2p!3
eis•(y2x) GLR

ba~s05Eq ,s!

.2Eq~12s•L̂ !

3
eiEqL̂•(y2x)

4puyD2xSu
Hba~Eq ,yD ,xS! ~n osc!,

GLR
ab~s052Eq ,x,y!.1Eq~12s•L̂ !

3
eiEqL̂•(y2x)

4puyD2xSu
H̄ab~Eq ,yD ,xS! ~ n̄ osc!,

~17!

whereL̂5(yD2xS)/uyD2xSu points from the source toward
the detector, and the quantitiesH and H̄ have only flavor
indices. The factorEq(12s•L̂ ) arises from the kinetic term
in the Lagrangian, and takes this form due to the relativis
limit. Another key ingredient is the factoreiEquy2xu, which is
the leading phase factor in the relativistic limit coming fro
eis•(y2x) evaluated at the poles ofGLR . In addition,
1/uy2xu comes from the asymptotic expansion of the le
hand side of Eq.~17! in the limit that uy2xu→`, and it can
be considered to be the monopole term in a multipole exp
sion. We will discuss the validity of the factorization and t
asymptotic expansion further below in momentum space

Before we talk about momentum space, let us give
example of Eq.~17! by considering the vacuum propagato
In that case, it is straightforward to show that~anticipating
the relativistic limit!

GLR~s0,x,y!5~s01 i s•“ !@M 21GRR~s0,x,y!#, ~18!
07301
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n

@M 21GRR~s0,x,y!#ab52
ei us0uux2yu

4pux2yu (
j

Ua jUb j*

3expS 2 i
mj

2ux2yu

2us0u
D , ~19!

whereGRR is the nonzero 232 submatrix left byPRGPR ,
M is the mass matrix appearing in the Lagrangian, and themj
are the mass eigenvalues. In Eq.~19! we have made the
flavor indices explicit; the relationship between the flav
fields and mass eigenstate fields isna5( iUa ic i , where the
Ua i are elements of a unitary matrix. Forus0uL@1,

GLR
ab~s0,x,y!.2

ei us0uux2yu

4pux2yu @s02us0us• r̂ ~x,y!#(
j

Ua jUb j*

3expS 2 i
mj

2ux2yu

2us0u
D , ~20!

wherer̂ (x,y)5(x2y)/ux2yu. To apply Eq.~20! to neutrino
oscillations one takess0→Eq andx,y→y,x. For antineutrino
oscillations, s0→2Eq and x,y→x,y. After making these
substitutions we will be integrating Eq.~20! over localization
functions of characteristic widthsLS and LD centered onx
5xS and y5yD . This means that forLS ,LD!L, we may
replacex and y by xS and yD everywhere except the phas
factors, in which we consider the first order variation

ux2yu.uxS2yDu1L̂•@~y2yD!2~x2xS!#

5L̂•~y2x!. ~21!

We see that a necessary mathematical condition~in addition
to the relativistic assumption andEqL@1) for Eqs. ~18!–
~20! to reduce to the form of Eqs.~17! is mj

2 LS,D /(2Eq)
!1 @which also implies the more familiar (mj

2

2mi
2) LS,D /(2Eq)!1#. The physical basis of these cond

tions can also be inferred from Eqs.~18!–~20!. EqL@1 al-
lows the propagating neutrino to become an on-shell rela
istic particle, and also allows appreciable oscillation phase
build up over the source-detector distance.mj

2 LS,D /(2Eq)
!1 requires that no appreciable oscillation phase build up
length scales comparable to the width of the external part
wave packets. The necessity of these conditions for dis
tanglement of the flavor oscillations from the details of ne
trino production and detection is evident.

The origin of these conditions can also be understood
momentum space. First, rewrite Eq.~14! as

A52~2p!dS (
l

~21!slEkl
1(

l
~21!dlEpl D

3 i E d3s

~2p!3
e6 is•(yD2xS)

3e2 i [ (
l
(21)slkl•xS1(

l
(21)dlpl•yD] h̃D~s,$pi%,q!
2-5
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3h̃S~2s,$ki%,q!P̄ GS s057(
l

~21!slEkl
,sD P,

~22!

where the functionsh̃S and h̃D can be approximated to hav
noxS or yD dependence. This can easily be seen to be exa
true for the ideal case of isotropic smearing functions, e
gD(y,$pi%,q)5hD(uy2yDu); Eq. ~10! then yields g̃D

5eiu•yDh̃D(uuu), where u[s2( l(21)dlpl . Because the
propagator will in general have poles corresponding to
mass of the physical neutrino states, the dominant contr
tion to the integral in the asymptotic limitLEq→` will be
from a term that contains the integrand of Eq.~22! as a factor
evaluated at the poles and stationary phase points~critical
points!. For the vacuum, the constant potential, and the a
batically spatially varying background potential cases, o
can asymptotically expand the integral Eq.~22! in the limit
LEq→` ~similarly as in Ref.@11#! to find that to leading
approximation, the termh̃D(s,$pi%,q)h̃S(2s,$ki%,q) can be
moved outside of the integral with the replacements→s*
wheres* corresponds to one of the critical points. By fa
toring out h̃, we have implicitly assumed tha
h̃D(s,$pi%,q)h̃S(2s,$ki%,q) is not sensitive to the splitting
in the critical points~otherwise different pole momentas of
GLR will causeh̃D(s,$pi%,q)h̃S(2s,$ki%,q) to have different
values, preventing factorization!. This means that the wav
packets must be flat in momentum space at least within
range of pole momentum splitting. Also, if this is not th
case, one of the poles will not contribute~because the am
plitude of the wave packet has fallen off with respect to
amplitude at the other pole!, and no neutrino oscillations wil
occur ~or more accurately, the neutrino oscillations will b
greatly suppressed relative to the background!. We will refer
to this flatness of the wave packet as insensitivity tos* split-
ting.

Also note that because of the presence of the expone
in Eq. ~22!, this leading term in the asymptotic expansi
will not be a good approximation unless the inverse ‘‘m
mentum scale height’’~i.e., logarithmic derivative! of h̃D h̃S
near the poles is much less thanL. Hence, factoring out the
wave packet dependence which is crucial for the validity
the usual quantum mechanical treatment requires the w
packet factorh̃D h̃S to be insensitive under 1/L momenta
variations as well as thes* splitting variations.

While localization is clearly necessary for the observat
of oscillations, the source and detector localization sca
LS ,LD implied by Eq.~6! cannot be smaller than the Com
ton wavelength of the lightest external particles. In the c
that all the external particles connected to a given vertex
nonrelativistic, this gives rise to a constraint on the masse
these external particles. To see this, consider the ideal
mentioned above in whichgD(y,$pi%,q)'hD(uy2yDu).
Then g̃D5eiu•yDh̃D(uuu), where h̃D(uuu) is damped foruuu
[us* 2( l(21)dlpl u larger than 1/LD . Hence, thes* split-
ting insensitivity condition can be written as
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l

~21!slk l1s* U! 1

LS
,MLS ,

U(
l

~21!dlpl2s* U! 1

LD
,MLD , ~23!

where we have denoted the lightest external particle ma
to be MLS and MLD for source and detector
respectively. The critical momentum will bes*
'L̂A@( l(21)slEkl

#22m̃j
2 where m̃j is the effective pole

mass of the particle. Hence, ifm̃j!u( l(21)slEkl
u and the

external particles are nonrelativistic, then Eq.~23! can be
satisfied only if about equal mass of external particles en
and leave the source/detector vertices. If any of the the
ternal particles connected to a given vertex are sufficien
relativistic, this severe constraint does not arise.

We now show that Green’s function must take the fo
found in Eqs.~17! after being spatially ‘‘clamped’’ by the
source and detector if the terms projected by the spinorsu2

~or v1) on both sides ofG are to be the only contributions t
the amplitude. In Sec. IV, where we study the neutri
propagator in a uniform, static medium, we will find it con
venient to identifyL̂ of Eq. ~17! with the positive third spa-
tial direction. In that case it is straightforward to show, usi
Eq. ~13!, that the terms with spinors of different spins o
either side ofG pick out the off-diagonal spinor space el
ments ofGLR , while the terms with the same spins on bo
sides pick out the diagonal spinor space elements. The
trix (12s3) from Eqs.~17! confirms that onlyGLR

22 is non-
zero, and therefore only the term withu2(q) @v1(q)# on
both sides ofG survives for the neutrino~antineutrino!
oscillations.5

Recalling thatq5L̂ Eq , and upon inserting Eqs.~17! into
Eq. ~14! and Eq.~14! into Eq. ~9!, we finally arrive at the
neutrino oscillation probability

Pna→nb
5uHba~Eq ,yD ,xS!u2, ~n osc!,

Pn̄a→ n̄b
5uH̄ab~Eq ,yD ,xS!u2, ~ n̄ osc!, ~24!

whereH and H̄ are defined by Eqs.~17!, and we have as-
sumed that the detector particleD is nonrelativistic such tha
vnD51. With the cancellation of the source and detec
wave packets, one can see why employing a separate q
tum mechanical model to compute the oscillation probabi
is possible.@Note that the standard vacuum oscillation pro
ability is recovered here, as is clear from Eqs.~17!–~20!#.

We emphasize that the Green’s function here is the
propagator in any given theory and we have made no se
assumptions about the nature of the production and detec

5Note that withL̂ set to the third spatial direction, bothu2(q) and
v1(q) have 4-spinor components (0,A2Eq,0,0).
2-6
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MSW EFFECT IN QUANTUM FIELD THEORY PHYSICAL REVIEW D60 073012
effective vertex.6 Hence, as expected, the productio
detection independent field theoretical effects on neutrino
cillations come from the coordinate space Green’s functi
What perhaps is less expected is the fact that unless the w
packets of the external particles satisfy specific propert
the transition probability will not just depend on the prop
gator, but the entire coherent scattering process which n
trino oscillation really is. Such tangled wave packet dep
dence is discussed for example in Ref.@15#.

Before concluding this section, we would like to note th
we can easily work out the neutrino oscillation detection r
including the normalization if we assume a particular class
wave packets. Let us define a box wave packet as a con
ration such that the superposition integral gives, for e
outgoing particle, for example,7

E d3k

~2p!3A2Ek

cS~k,k!eik•x

'eiEkx0E d3k

~2p!3A2Ek

cS~k,k!e2 ik•x5Neik•xB~x2xS!,

~25!

whereN is a constant independent ofx andB(z) is a function
which vanishes ifz is outside of a box centered about th
origin with each dimension of lengthLS and is 1 everywhere
else. The approximation in Eq.~25! is valid for x0

!(EkLS)/(2puku). The normalization condition
*@d3k/(2p)3#uc(k)u251 fixesN and implies

cS~k!5
1

AV F12OS 1

LS
2Ek

2D Gei (k2k)•xSDS~k2k!, ~26!

where

DS~v!58
sin~vxLS/2!sin~vyLS/2!sin~vzLS/2!

vxvyvz
. ~27!

Hence, since the box scale must be larger than the Com
wavelength scale, these external particles will generally h
‘‘plane wave in a box’’ type of normalization@up to a
(2p)3d3(k2k) type of localization factorDS#. This wave
packet can be used to calculate the event rate using Eq.~3! in
a standard way. SincecS will have a width 2p/LS , smear-
ing of any function that is proportional to momenta who
magnitude at the peak of the distribution is of the ord
2p/LS , ~or less! will deviate significantly from the Diracd

6The most significant assumptions leading to our final result w
the V2A type lepton currents; the stationary approximation in E
~6!; relativistic neutrinos, i.e. (Eq2us* u)/Eq!1, whereus* u is the
magnitude of a pole in the momentum space propagator; s
ciently localized and separated source and detector, i.e.Eq

2us* u)LS,D!1; andEqL@1.
7We will write the wave packet centered aboutxS , since the one

centered aboutyD is analogous.
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smearing of that function. Fortunately, becauseM1 and M2
do not depend on such small momenta, we can write
amplitude in the form of Eq.~16! with

f S~x,$ki%!5 )
j

I S1FS Fe2 i (21)sjkj •x

A2Ek j
VS

B~x2xS!G , ~28!

~and similarly for f D) which is what one would use to ca
culate scattering of particles confined to a box interact
with particles that can propagate outside of the box. Exp
itly, the transition rate per source and detector particle
given by

dG5~2p! dS (
l

~21!slEkl
1(

l
~21!dlEpl D )

j

I S1FS 1

2Ek j
VS

3 )
i

FD11 1

2Epi
VD

)
b

FS d3kbVS

~2p!3
)

a

FD d3paVD

~2p!3

3U E d3s

~2p!3
e6 is•(yD2xS)DSS (

l
~21!slk l6sD

3DDS (
l

~21!dlpl7sD iMU2

, ~29!

whereDS is defined by Eq.~27!, andDD is similarly defined.
In this case, one can also use the usual heuristic box qu
zation formalism to calculate the event rates including
normalization. For pedagogical purposes we carry out
simple exercise explicitly using a fermion field toy model
the Appendix.

To summarize this section, we have shown to what ext
the neutrino ‘‘oscillation probability’’ is determined by th
production/detection wave packet-independent propagato
the field theory. If wave packets for the production and d
tection events described in Eq.~1! satisfy suitable localiza-
tion properties and the effective mass splitting of the neu
nos is not large compared to the momentum width of
wave packets, the neutrino propagator determines the p
ability of transition as defined by Eq.~1!. This factoring of
the wave packets out of the transition amplitude is crucia
recover the usual quantum mechanical picture of neutr
oscillations. Furthermore, we see how the multiparticle
ture of the field theory becomes irrelevant as the poles of
propagator are the only states to contribute in this limit. F
this factorization to be possible, the source-detector sep
tion L must be large enough such that the wave packets
not vary over 1/L momentum perturbations about the po
momentum, and the pole momenta splitting must be sm
enough such that the wave packet amplitudes take on
proximately the same value for the various pole momenta@as
discussed between Eqs.~22! and ~23!#. Furthermore, since
the usual quantum mechanical treatment neglects the sp
the neutrinos, only one spin projection of the Green funct
must contribute to the amplitude to recover the usual tre
ment. We have seen in this section that the relativistic lim

e
.

fi-
2-7
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CHRISTIAN Y. CARDALL AND DANIEL J. H. CHUNG PHYSICAL REVIEW D 60 073012
of the on shell neutrinos and the chiral nature of the inter
tions ensure this. Now that we see that wave packet de
dence can be factored out~as is implicit in the usual simple
quantum mechanical treatment!, we shall concentrate on th
wave packet-independent field theoretic calculation of
MSW effect, which is encoded in the propagator within
background medium.

III. EFFECTIVE LAGRANGIAN

In this section, we briefly explain the effective potent
employed in our calculation of the MSW effect. Focusing
the physics well below the electroweak scale, we write
usual electroweak effective Hamiltonian density as~see, for
example,@18#!

HI5
GF

A2
~Jc

mJcm
† 1JN

mJNm!, ~30!

whereJc
m is the charged current andJN

m is the neutral current
Take for example the contribution to the neutrino-electr
interaction of the form

HI5
4GF

A2
n̄eg

mPLneēgmPLe, ~31!

which will be dominant for the MSW effect. We can distin
guish two different types of scattering: forward scatterin
for which the background particles do not change their m
menta, and non-forward scattering. In calculating our tran
tion rate, we will not account for non-forward scattering co
tributions because these can be considered to be sep
production events. With this restriction, in expanding t
S-matrix perturbatively, the main background contributi
will come from the expectation values of Eq.~31! taken with
respect to the electron background states. The scattering
plitude will then receive contributions proportional to powe
of

^Vm
e &[2A2GF^nuēgmPLeun& ~32!

wheren labels a many-body background electron state~not
necessarily translationally invariant!. Note that the right-
hand side is proportional to the left-handed electron curr
of stateun&. In an experimental setting, we are really inte
ested in ensemble averages of the probabilities~not the av-
erages of theS matrix!. However, for macroscopic numbe
of electrons, we expect the main contribution to come from
set of degenerate states having the same spatial localiz
as the macroscopic distribution function. This approximat
will break down if the density matrix is not sharply peak
about one set of states giving degenerate contributions to
scattering amplitude. We will assume that such a pea
distribution exists, and we will merely assign macrosco
currents to the expectation value of currents that will arise
the scattering amplitude calculation. This means that we
replace the interaction Hamiltonian density of Eq.~31! with
the effective density
07301
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H I
eff5

4GF

A2
n̄eg

mPLneJm
e , ~33!

where Jm
e is the macroscopic left-handed electron curre

For example, for an unpolarizede6 background one would
employ—based on consideration of the sum over spin st
of single particle expectation values ofēgmPLe, for
example—the following expression:

Jm
e 5

1

2E d3p

~2p!3
@ f e2~p!2 f e1~p!#

pm

Ep
, ~34!

where thef e6(p) are the usual distribution functions, includ
ing a factor of 2 for spin degeneracy. As usual, this pro
dure neglects higher order correlations. Note that for el
trons in thermal equilibrium, our prescription, e.g.,

^Vm
e &5A2GF~ne22ne1!dm0 ~35!

gives the same mass shift as the real time thermal field
malism employed by@19#.

As another example, the effective potential due to ba
ground neutrinos is of interest in the envelope of
supernova/nascent neutron star, where the neutrino fla
composition can affect, for example, the explosion mec
nism @20# or the outcome of possible heavy element nucle
synthesis@21,22#. In addition to thee6 background, we mus
consider neutrino-neutrino forward scattering arising fro
another term in Eq.~30!,

HI5
GF

A2
(
i , j

n̄ ig
mPLn i n̄ jgmPLn j , ~36!

where the indicesi , j label the mass eigenstate fields. W
work in the mass basis because the external neutrino b
ground consists of on shell states, a point whose con
quences were emphasized in Ref.@23# ~see also Ref.@22#,
and references in these!. As seen previously, in the perturba
tive expansion of theSmatrix we will have occasion to take
a background expectation value of this interaction~this time
with respect to a many-body background neutrino sta!.
Two of the neutrino fields will be paired with fields in th
‘‘production’’ and ‘‘detection’’ interactions, leaving two
other fields whose background expectation value is take

^HI&5
GF

A2
(
i , j

2n̄ ig
mPLn i^n̄ jgmPLn j&

1
GF

A2
(
i , j

2n̄ ig
mPL^n i n̄ j&gmPLn j . ~37!

While the correspondence of the expectation value in the
term of Eq.~37! with a macroscopic current is apparent, t
meaning of the second term is less clear.
2-8
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MSW EFFECT IN QUANTUM FIELD THEORY PHYSICAL REVIEW D60 073012
We seek guidance by considering the expectation va
with respect to the single particle neutrino statesuq s nk& of
momentumq, spins, and massmk . The expectation value in
the first term of Eq.~37! is

^q s nkun̄ jg
mPLn j uq s nk&

5
d jk

~2p!3~2Eq!
ū~q s nk!g

mPLu~q s nk!. ~38!

We consider a relativistic neutrino background, so that
leading order there are only negative helicity states; then
momentum space spinors in Eq.~38! are approximately

u~q s nk!.S A2Eqj
2~ q̂!

0
D ,

j2~ q̂!5S 2sin~u/2!e2 if

cos~u/2!
D , ~39!

where (u,f) denote the polar and azimuthal angles that
fine q̂. The first term in Eq.~37! becomes

GF

A2
(
i , j

2n̄ ig
mPLn i^n̄ jgmPLn j&

5A2GF(
i , j

x i
† d jk

~2p!3

qms̄m

Eq
x i , ~40!

where x i denotes the upper two components ofPLn i and
s̄m5(1,2s). Turning to the second term in Eq.~37!, one
finds

^q s nkun i n̄ j uq s nk&52
d ikd jk

~2p!3~2Eq!
u~q s nk!ū~q s nk!.

~41!

Employing Eq.~39!, the second term in Eq.~37! becomes

GF

A2
(
i , j

2n̄ ig
mPL^n i n̄ j&gmPLn j5A2GFxk

† d ikd jk

~2p!3

qms̄m

Eq
xk .

~42!

Noting the similarity between Eqs.~40! and~42!, in the rela-
tivistic limit we replace the Hamiltonian density of Eq.~36!
with the effective density

H I
eff5A2GF(

i , j
n̄ iJn j

m gmPLn i1A2GF(
i

n̄ iJn i

m gmPLn i ,

~43!

where

Jn i

m 5E d3p

~2p!3
@ f n i

~p!2 f n̄ i
~p!#

pm

Ep
. ~44!

The flavor fieldsna are related to the mass eigenstate fie
n i by na5( iUa in i , where theUa i are elements of a unitar
07301
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matrix. In the limit of vanishing mixing angles (Ua i5da i)
and a thermal background, the effective interaction of E
~43! gives the same mass shifts as obtained in Ref.@19#. For
nontrivial mixing, however, in terms of the flavor fields E
~43! becomes

H I
eff5A2GF(

a, j
n̄aJn j

m gmPLna

1A2GF(
a,b

n̄a~Ua iJn i

m Uib!gmPLnb . ~45!

Considered as a matrix in flavor space, the quantity in par
theses in the second term of Eq.~45! contains off-diagonal
elements. It is clear from our derivation that the presence
these off-diagonal terms derives from the fact that the ba
ground neutrinos are mass eigenstates, since they must b
shell. This origin of off-diagonal flavor space terms in th
background potential due to neutrino-neutrino scattering w
pointed out in Ref.@23#.

In calculations of the effects of neutrino flavor oscillatio
in the supernova environment, the supernova core is t
cally treated as a stationary source of neutrinos fr
streaming from a ‘‘neutrinosphere,’’ with the flux at the ne
trinosphere being taken from large-scale numeri
computations. Since the neutrinos forming the backgrou
also undergo flavor transformation, self-consistency betw
the oscillation probability and the background must
achieved. Following the framework of Ref.@23#, such a cal-
culation was carried out in Ref.@22# in the quantum me-
chanical picture of neutrino oscillations. This involved
rather complicated procedure involving a flavor basis den
matrix to describe the neutrinos above the neutrinosph
Casual inspection of the form of the second term in Eq.~37!
would seem to make this kind of approach necessary. H
ever, having shown that this term can plausibly be written
terms of a macroscopic mass basis current, we see tha
self-consistency between neutrino background and osc
tion probability is most easily achieved by working in th
mass eigenstate basis.8 Given effective interaction Hamilto-
nians like Eqs.~33! and ~43!, the oscillation probability can
be computed~in any basis! as described in Secs. IV and V
We write Eq.~44! as

8It would seem reasonable to define neutrino flavor distribut
functions in the relativistic limit. Whileat the emission point~i.e.
the neutrinosphere! one could argue that these would be related
the mass basis distribution functions byf n i

(p)5(auUa i u2f na
, at

points above the neutrinosphere the relation between these se
distribution functions is rather complicated, due to the flavor/m
oscillations of free-streaming neutrinos in a background. The res
ing absence of a simple connection between the macroscopic fl
and mass neutrino currents at arbitrary positions to plug into
~45! makes working in the mass basis seem much more straigh
ward.
2-9
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Jn i

m ~r !5E Ep
2 dEp d~cosu!df

~2p!3
@ f n i

~Ep ,cosu,r !

2 f n̄ i
~Ep ,cosu,r !#

pm

Ep
, ~46!

where pm5(Ep , p̂Ep), r is the radial position of a poin
above the neutrinosphere, andu is the angle between th
neutrino momentum and the radial direction at the point w
radial positionr. Since the neutrinos are free-streaming,
distribution functions atr can be expressed simply in term
of the ‘‘known’’ neutrino distribution functions at the neu
trinosphere, e.g.:

f n i
~Ep ,cosu,r !5(

n j

f n j
~Ep ,cosc,R! Pn j→n i

~Ep ,cosu,r !,

~47!

where R is the radius of the neutrinosphere, andc is the
angle of the neutrino emission with respect to the radial
rection at the emission point; this angle is related tou by
cosc5A12@(r /R)sinu#2. The dependence of the oscillatio
probabilities on path length~and the background encountere
on a particular path! are implicit in ther ,u dependence. With
an iterative procedure, self-consistency between the ma
scopic neutrino currents and the oscillation probabilit
should be achieved.

IV. CONSTANT BACKGROUND

Having constructed effective interaction Hamiltonians
described in the last section, we employ the neutrino eff
tive Lagrangian

L5 n̄@gm~ i ]m2VmPL!2M #n, ~48!

whereM is the mass matrix andVm is a uniform background
potential matrix. We make no assumptions about the num
of neutrino generations or the structure of the potential m
trix ~other than to keep in mind that it might be singula!.
The canonical anticommutation relations yield the equat
satisfied by the Green’s functionG(x,y),

@gm~ i ]m2VmPL!2M #G~x,y!5d4~x2y!, ~49!

where i G(x,y)[^Tc(x)c̄(y)&0. With our convention for
the g matrices it is convenient to define the 232 ~in spinor
space! matricesGIJ , the ‘‘chiral blocks’’ of the Green’s
function. Specifically,GIJ is the nonzero 232 submatrix of
PIGPJ , whereI ,J can take the valuesL,R.

In Sec. II we noted that, with the assumption ofV2A
interactions,GLR is the object of interest. We also saw
Sec. II that with the assumption of stationarity it is natural
Fourier transform the time variable while maintaining inte
est in the spatial dependence of the Green’s function. De
ing J5M 21GRR, from Eq. ~49! we find

GLR~v,x,y!5~v1 i s•“ !J~v,x,y!, ~50!
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where f (x,y)5*(dv/2p) e2 iv(x02y0) f (v,x,y). In the con-
text of neutrino oscillation experiments we are interested
well-separated source and detector positions, so we ign
terms inJ with more than one factor ofux2yu in the denomi-
nator,

J~v,x,y!5E d3p

~2p!3 eip•(x2y) J~v,p!

5E
0

` du u2

~2p!3E
0

2p

df
1

iuux2yu

3Feiuux2yuJ~v,u,p̂51 r̂ !

2e2 iuux2yuJ~v,u,p̂52 r̂ !1OS J

uux2yu D G ,
~51!

where we have integrated the cosu integral by parts, and
definedu[upu and r̂[(x2y)/ux2yu. It is evident that the
two leading terms are azimuthally symmetric, and that th
the sum is even inu. Furthermore, the Feynman bounda
conditions should ensure that the two leading terms g
equal contributions. We then have

J~v,x,y!.
1

~2p!2i ux2yu
E

2`

`

du u eiuux2yuJ~v,u,p̂51 r̂ !.

~52!

From Eq.~49!, we find thatJ obeys the momentum spac
equation

@v22upu22M22vV01p•V1s•~V0p2vV

1 iV3p)]J~v,p!51, ~53!

or D(v,u,p̂51 r̂ )J(v,u,p̂51 r̂ )51. Detailed expressions
for the spinor space elements ofD(v,u,p̂51 r̂ ) for general
orientation ofr are not particularly illuminating. However, i
is easy to formally express the spinor space elements
J(v,u,p̂51 r̂ ) in terms of the elements ofD:

J11~v,u,p̂51 r̂ !5@D112D12~D22!21D21#21, ~54!

J22~v,u,p̂51 r̂ !5@D222D21~D11!21D12#21, ~55!

J12~v,u,p̂51 r̂ !52~D11!21D12J22, ~56!

J21~v,u,p̂51 r̂ !52~D22!21D21J11. ~57!

These results are valid without any relativistic limit assum
tions. Given specific mass and potential matrices, one co
solve explicitly forJ(v,u,p̂51 r̂ ). To study neutrino oscil-
lations, we then needJ(v,x,y), whose behavior is seen from
Eq. ~52! to be determined by the poles ofJ(v,u,p̂51 r̂ )
with the positive imaginary part~as determined by the Feyn
man boundary conditions!.
2-10
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A few general comments regarding these poles are in
der. Consider for exampleJ22, which can be expressed

J22~v,u,p̂51 r̂ !5~detD11!@~det D11!D22

2D21~C11!TD12#21, ~58!

where (C11)T is the transpose of the matrix of cofactors
D11. Since the diagonal elements ofD11 andD22 are second
order in u, (detD11) is of order 2n in u, where n is the
number of neutrino generations; and overall the denomin
of J22(v,u,p̂51 r̂ ) will be a polynomial of order 4n in u.
This is sensible in terms of a quasiparticle picture associa
with the propagator: Each neutrino field, with two spin sta
each for particles and antiparticles, represents four states
a single vacuum field the masses of these four states
degenerate; however, the presence of a parity and rotati
invariance violating potential breaks this degeneracy.
f

s

m
f
,
o
tu

by

re
a

07301
r-

or

d
s
or
re
al

Let us examine the simplifications that occur in the re
tivistic limit and with source and detector localization. In th
relativistic limit the poles contributing to the integral in Eq
~52! take the form

u.uvu2
m̃2

2uvu
1 i e, ~59!

with the Feynman boundary conditions imposed by givi
the ‘‘masses’’m̃2 a small negative imaginary part.~There are
also negative poles, with negative imaginary parts, that
not contribute to the integral; these factors each beco
.2uvu when evaluated at the positive poles.! Furthermore,
following the discussion of Sec. II regarding spatial localiz
tion, Eq. ~52! takes the form
sets
J~v,x,y!.
2uvu eivL̂•(x2y)

4puxS2yDu (
j

e2 i (m̃j
2/2uvu)uxS2yDuF S u2uvu1

m̃j
2

2uvu D JS v,u,p̂5
v

uvu
L̂ D GU

u→uvu2(m̃
j
2/2uvu)

, ~60!

where the sum is over the poles with positive imaginary parts. We recall thatv is fixed by energyd functions, to a positive
value for neutrino oscillations and a negative value for antineutrino oscillations. Because the spatial localizationr̂
56L̂ ~with L̂ taken to be the third spatial direction!, the matrixD takes the relatively simple spinor space form

FDS v,u,p̂5
v

uvu
L̂ D G5S d2vS 12

u

uvu DV01vS u

uvu
21DV3 2vS 11

u

uvu D ~V12 iV2!

2vS 12
u

uvu D ~V11 iV2! d2vS 11
u

uvu DV01vS u

uvu
11DV3

D , ~61!
po-
les

ent

-
up-

qs.

i-
whered[v22u22M2.
Next we examine the momentum space pole structure

J22 in the relativistic limit. In Eq.~55!, since the residues o
only the positive poles contribute, we can replaceu by uvu
whenever it multiplies a component ofVm, committing errors
of only O(vV0/v2) or less with respect to other term
present. In that case,D21 vanishes andJ22→(D22)21 with

D22→v22u22M22
v

uvu
2q•V, ~62!

whereq5(uvu,L̂ uvu) is the same as the neutrino momentu
defined just below Eq.~4!. We note that the denominator o
J22 is now only of order 2n in u; thus in the relativistic case
two of the quasiparticle propagating states are projected
This is because in the relativistic limit the spin states na
rally coincide with the chiral states. This is confirmed
noting that in Eq.~55!, for example (v.0 case!, as D21

→0 as u→v, half of the poles contributing toJ22 come
from ~detD11)→0. But foru→v, D11→v22u22M2. Thus
these poles correspond to the vacuum masses; these a
right-handed particle states and left-handed antiparticle st
of

ut.
-

the
tes

whose masses are unaffected by the left-handed effective
tential. AsD21 reaches zero, the contribution of these po
vanishes completely.

For uvuux2yu@1, Eq. ~50! becomes

GLR~v,x,y!.v~12s•L̂ !J~v,x,y!. ~63!

Since we have chosenL̂5(yD2xS)/uyD2xSu to coincide
with the third spatial dimension, the only nonzero compon
of GLR is GLR

22 which for neutrino oscillations is
GLR

22 (uvu;y,x)52uvuJ22(uvu,y,x), where the spinor space in
dices are exhibited and the mass/flavor indices are s
pressed~note thatJ21 vanishes!, and for antineutrino oscilla-
tions is GLR

22 (2uvu;x,y)522uvuJ22(2uvu,x,y). Thus we
see that the Green’s function takes the required form of E
~17!.

The matrix M212q•V ~or M222q•V) of Eq. ~62! is
precisely the effective mass matrixM̃2 appearing in the
usual quantum mechanical model of neutrino~or an-
tineutrino! oscillations. The effective mass matrix can be d
2-11
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agonalized by a unitary transformation,ŨM̃2Ũ†51. Thus
for neutrino oscillations, for example,

~D22!ba
215Ũb j Ũa j* ~v22u22m̃j

21 i e!21, ~64!

whereŨb j are the elements ofŨ andm̃j
2 are the eigenvalue

of M̃2. Then Eq.~63! becomes, using Eq.~60!,

GLR
ba~v,y,x!52uvu~12s•L̂ !

ei uvuL̂•(y2x)

4puyD2xSu

3(
j

Ũb j Ũa j* e2 i (m̃j
2/2uvu)uyD2xSu, ~65!

where we have assumed that the various conditions
cussed in Sec. II are satisfied. Comparison of Eq.~65! with
Eqs.~17!, ~24! shows that the oscillation probability derive
here is precisely the same as that found in the usual quan
mechanical model. The antineutrino case works out in
similar manner.

V. NONUNIFORM BACKGROUND

In this section we consider the case in which the effect
potential Vm5Vm(x), that is, we allow it to vary in space
~but not time!. From Eqs.~65!, ~17!, and~24!, it is clear that
in the constant potential case the portion of the Green’s fu
tion comprising the oscillation amplitude obeys
Schrödinger-type equation, the same one used in the stan
quantum mechanical picture. While one might think to si
ply replace the constant potential in this Schro¨dinger equa-
tion with a spatially varying one—thus arriving immediate
at the standard result—we shall go back a little further
order to see what is being left out in the process.

In allowing for spatial variation inVm, Eqs.~50!–~52! are
unchanged; but Eq.~53! becomes an integral equation,
J(v,p) must be convolved with the momentum space dep
dence ofVm. Since such equations are difficult to deal wi
nonperturbatively, in this section we take a different route
working with a partial differential equation in coordina
space. The coordinate space version of Eq.~53! is

@v21¹22M22vV0~x!2 iV~x!•“

2 i s•„V0~x!“2 ivV~x!1 iV~x!3“…#J~v,x,y!

5d3~x2y!. ~66!

Unlike the case of an integral equation, to define the Gree
function using this equation, we must also separately spe
the boundary condition. We shall assume that the produc
region is localized to a region of adiabatically constant p
tential. Furthermore, since we expect the virtual particles
all have the same phase just after being produced, our bo
ary condition prescription will be that the Green’s functionJ
asymptotes to the constant potential Green’s function on
infinitesimal sphere centered abouty.9
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The form of Eq.~52!, together with our experience in th
vacuum and constant potential cases, suggests that in
relativistic limit @M2/2uvu2!1,Vuvu/uvu2!1 where we sup-
pressed the matrix indices#, we look for solutions ofJ of the
form

J~v,x,y!52
ei uvuux2yu

4pux2yu
F~v,x,y!. ~67!

With this substitution,

~¹21v2!J5d3~x2y!ei uvuux2yuF2
2uvu ei uvuux2yu

4pux2yu F 1

2uvu
¹2F

1 i ~ r̂•“F !2
1

uvuux2yu ~ r̂•“F !G , ~68!

“J52
2uvu ei uvuux2yu

4pux2yu F i r̂

2
F1

1

2uvu
“F2

r̂

2uvuux2yu
FG ,

~69!

where as beforer̂[(x2y)/ux2yu. Requiring the first term
on the right-hand side of Eq.~68! to cancel thed function in
Eq. ~66! gives a boundary condition onF, namely~restoring
flavor indices!

Fba~v,x,y!ux→y5dba. ~70!

Aside from this boundary condition, we are interested
well-separatedx and y ~specifically uvuux2yu@1), so that
we may ignore the last term of Eqs.~68! and~69!. Then Eq.
~66! becomes

i ~ r̂•“F !1
1

2uvu
¹2F2

1

2uvu@
M21vV02uvu~ r̂•V!

2s•~V0uvu r̂2vV1 i uvuV3 r̂ !#F1OS Vuvu
uvu2

u“Fu D50,

~71!

where in accordance with the relativistic conditio
Vuvu/uvu2!1, we will neglect the terms represented b
O(Vuvuu“Fu/uvu2) in comparison with the first term of Eq
~71!.

One can distinguish three cases:~1! u“Fu@eF, wheree

5V01M̃2/(2uvu) and M̃2 denotes the largest mass matr
eigenvalue squared;~2! u“Fu;eF; and ~3! u“Fu!eF. One
can argue that case~1! is not interesting since all terms lead
ing to flavor mixing are rendered negligible. Case~3! is also
not of present interest because one can argue using Eq.~71!
that it violates our relativistic assumption. In case~2!,

9Note that one must match more than just the limiting singula
of the Green’s function atx5y to define a unique solution.
2-12



te
t.

o

th

-

s
th
in

-
co

io

nt
xa

or

y

in
the

ual
ry

y,
m-

he
ce
the
e-
ime
ual
ob-

be
me-
vor
ral
pre-
-

a
i-
u-

be
s
on/
are
nt.
the
cts.

m-
eak
ed
p-
the
eu-
n/
the
n-
le.
the
etic
pt
u-

MSW EFFECT IN QUANTUM FIELD THEORY PHYSICAL REVIEW D60 073012
u¹2F/(2uvu)u can be neglected compared withu“Fu, pro-
vided that u“V0u/e2&1. Writing F8[ r̂•“F, Eq. ~71! be-
comes

iF 81
1

2uvu
D~ uvu,x!F50, ~72!

where the spinor space elements ofD(uvu,x) for the particu-
lar case whenx lies along the third spatial axisL̂ are given
by Eq. ~61! with V→V(x) andu→uvu.

Since Eq.~63! holds under the assumptions of case~2!,
together with the spatial localization of the source and de
tor, we see thatGLR

22 is the only nonvanishing componen
Hence, from Eqs.~72!, ~67!, ~17!, and~24!, we find that the
neutrino oscillation amplitudeH obeys the Schro¨dinger
equation

iH 85
1

2uvu @M212q•V~x!#H, ~73!

whereq5(uvu,L̂ uvu). Similarly, in the case of antineutrin
oscillations (v,0), the oscillation amplitude obeys

iH̄ 85
1

2uvu @M222q•V~x!#H̄. ~74!

Before concluding this section, a remark regarding
boundary conditions is in order. Note thatF of Eq. ~72!
satisfying the boundary condition Eq.~70! is in general dif-
ferent fromF satisfying Eq.~66! with its associated bound
ary condition@described just below Eq.~66!#. In particular,
although Eq.~72! is valid naively only far away fromy, as
we threw out the last terms of Eqs.~68! and ~69!, we still
insisted on the boundary condition Eq.~70! at y to be the
same as the boundary condition that would have been u
for the exact equation. To justify this, we must show that
terms that we threw out are negligible even near the orig
We can argue this by noting that for case~2!, we are already
assumingu“V0u/e2&1 which turns out to imply~by expand-
ing the potential to linear order in the Taylor series abouty)
that in the relativistic limit the fractional variation ofV0 is
much smaller than 1 untiluv(x2y)u@1 ~after which the
terms proportional to 1/ux2yu that we threw out are negli
gible!. That means that the potential can be treated as a
stant until the terms proportional to 1/ux2yu become negli-
gible. This implies that one can place the boundary condit
for the varying potential case on a sphere~centered abouty)
on which Eq.~72! is valid using the solution to the consta
potential case. As we saw in the last section, since the e
solution to the constant potential case on this sphere~with
the appropriate boundary condition! is, up to relativistically
suppressed terms, the same as the solution obtained by
~72! with Eq. ~70!, we can just set the boundary condition f
the varying potential case using Eq.~70! as well. Note, how-
ever, that since our argument depends on the adiabaticit
07301
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the potential near the virtual particle production point,
other situations, one may need to be more cautious with
boundary conditions.

Thus under appropriate conditions the results of the us
simplified picture are confirmed, including the bounda
conditionHba(v,x,y)uy→x5dba.

VI. CONCLUSION

Starting from quantum field theory~QFT!, we have de-
fined a physically meaningful flavor oscillation probabilit
determined that portion of the neutrino propagator that co
prises the oscillation amplitude, and derived t
‘‘Schrödinger equation’’ for that amplitude in the presen
of spatially varying background matter. As expected,
‘‘Schrödinger equation’’ really corresponds to a tim
independent one since its derivation depends on the t
independence of the effective potential. In fact, the us
quantum mechanical approach is only really suited to pr
lems in which oscillations occur in space only~that is, sta-
tionary systems like that studied here! or time only ~e.g. the
thermal bath in the early universe!. While we have assumed
the stationary case here, the basic framework could also
used to study oscillations in space in the presence of a ti
dependent background. Ultimately, the description of fla
oscillating neutrinos in space and time in more gene
systems—i.e. those that do not lend themselves to inter
tation in terms of a ‘‘source’’ and ‘‘detector’’—would re
quire a formulation in terms of density matrices~cf. Ref.
@23#! or Wigner functions~cf. Ref. @16#!.

For situations that can be interpreted in terms of
‘‘source’’ and ‘‘detector,’’ we have also reviewed the cond
tions under which QFT will be useful in describing the ne
trino oscillation process.10 As long as we are looking in the
regime in which the virtual neutrino goes on shell~rendering
any propagator radiative corrections to be negligible or
merely a constant shift!, the many body aspect of QFT i
rendered irrelevant. In that case, only the producti
detection vertex structure and the spins of the neutrinos
missing from the usual quantum mechanical treatme
These, in general, are less difficult to accommodate in
quantum mechanical treatment than the many body effe
Still, we believe them to be more straightforwardly acco
modated in the quantum field theoretical treatment. For w
interactions, the chiral nature of the interactions combin
with the relativistic nature of the on shell neutrinos su
presses all but one spin degree of freedom. Finally,
smallness of the neutrino mass splittings as well as the n
trinos going on shell allows one to factor out the productio
detection part of the neutrino scattering process from
‘‘oscillation’’ part, reducing the problem to the usual qua
tum mechanical system involving a single spinless partic

To state this another way, we have argued that in
context of stationary systems, the quantum field theor
formulation used in this work is not of much use exce
when one or more of the following is true: the on-shell ne

10Many of these conditions were noted in Refs.@10–15#.
2-13
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trino momentum is nonrelativistic, the production or dete
tion vertices are non-chiral, the external particle wave pa
ets vary appreciably about the pole value~value of the wave
packet evaluated at the neutrino momenta! over momentum
variations of the order of the inverse source-detector dista
1/L, or the effective mass splittings~determined by the ef-
fective potential including the background matter contrib
tions! are large compared to the spread in the momenta of
external production/detection particles.

When the neutrinos are non-relativistic or the interactio
are not chiral, more than one spin contributes per amplitu
In that case the usual quantum mechanical treatment mu
modified to incorporate the effects due to the various s
components. In particular, in this case an oscillation pr
ability cannot be determined apart from the production a
detection processes since two neutrino spin contributions
summed before the amplitude is squared. This is, of cou
automatically accounted for in a quantum field theore
treatment. Also, if the wave packet varies appreciably ab
the pole value when the momentum is varied byO(1/L), the
wave functions of the external particles creating and abs
ing the virtual neutrino do not simply factorize out of th
oscillation probability amplitude. Reference@15# is a study
of one such situation. They find that the oscillation amplitu
can exhibit a novel ‘‘plane-wave’’ behavior. Just as wi
most effects, this probably can also be accounted for in
quantum mechanical formulation, but it is much easier in
quantum field theoretical treatment used in this paper.
involvement of the details of the external particles’ wa
function in determining the oscillation probability also a
plies when the effective mass splitting is much larger th
the momentum spread in the external wave packets, bu
such cases, it is not clear whether any neutrino oscillati
can be observed in general because of the strong suppre
of the amplitudes~however, see for example Ref.@15#!.

We here make a few comments regarding Majorana
Dirac neutrinos. If the neutrinos were Majorana instead
Dirac, the only general arguments that would change
those dependent upon the existence of a right-handed
trino. Although we couched the mathematics in the Dir
spinor formalism, owing to the assumption of chiral natu
of neutrino interactions and the relativistic limit, none of o
general arguments depended upon the existence of a
handed neutrino. Hence, our conclusions for the relativi
limit are also valid for Majorana neutrinos.~Formulas for
‘‘neutrinos’’ apply to negative helicity Majorana neutrino
while those for ‘‘antineutrinos’’ apply to positive helicity
Majorana neutrinos.!

From our justification of the ‘‘Schro¨dinger equation’’ for
stationary, flat spacetime systems, we expect that the he
tic ansatz used in Ref.@24# for studying neutrino oscillations
in a stationary curved spacetime to be valid to the extent
the flat spacetime treatment is valid. In a nonstation
curved spacetime, in addition to the time dependence of
potential, there may arise extra complications of using
S-matrix formalism due to the nontrivial Bogoliubov tran
formations of the asymptotic states. This also deserves
ther investigation.
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APPENDIX: BOX QUANTIZATION AND LOCALIZATION

In Sec. II we discussed the crucial role that wave pack
play in the localization inherent in neutrino oscillation e
periments. Studies of vacuum oscillations in quantum fi
theory typically begin with some kind of coordinate spa
description of the external particles, with the connection
the underlying momentum space wave packets not explic
displayed. Since normalization in quantum field theory
generally fixed at the level of free-particle momentum eige
states, fully normalized event rates cannot be computed
less the connection to momentum space is made. The u
practice in the literature has been to ignore this step, be
satisfied with the identification of the factor called the ‘‘o
cillation amplitude’’ in the simple quantum mechanical pi
ture. The complete connection to momentum space is
sumably a straightforward exercise, though perhaps ted
in the context of general wave packets. However, as sho
in the text, the box wave packet allows a simple, reasona
approximation. For typical microscopic processes, a stand
trick used to relate theSmatrix to rates and cross sections
to employ the fiction of a box with quantized states, whi
reproduces the box wave packet results. For pedagogical
poses, we here demonstrate that the use of a similar fictio
separate boxes confining the external particles at the so
and detector—leads cleanly and directly to an event rate
the form of Eq.~1!. In this heuristic approach the boxes ser
the double duty of imposing the localization of source a
detector necessary to the existence of oscillations, and
normalization that gives an absolute event rate.

As an illustration we will consider a particular neutrin
oscillation process. The first vertex of the process we c
sider involves the scattering of a charged lepton of flavoa
off a proton in a source region of volumeVS , producing a
final state neutron confined to the source region and a vir
neutrino that propagates over all space. At the second ve
the virtual neutrino interacts with a neutron confined to
detection region of volumeVD , producing a proton and
charged lepton of flavorb confined to the detection region
The free Lagrangian is taken to be

L05(
s
E

VS

d3x c̄s~ igm]m2m!cs

1(
d
E

VD

d3x c̄d~ igm]m2m!cd

1(
i
E

all space
d3x c̄ i~ igm]m2m!c i , ~A1!
2-14
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where the indexs runs over the particles confined to th
source (a,p,n), the indexd runs over the particles confine
to the detector (b,p,n), and the indexi runs over the neu-
trino mass eigenstates. The box localization is really a re
of complicated classical potentials preparing the initial sta
The expansions of the source and detector particle fi
are11

cs,d~x!5
1

AVS,D
(
s

(
p

1

A2Ep

@ap,s,(s,d)up,s,(s,d)e
2 ip•x

1bp,s,(s,d)
† vp,s,(s,d)e

ip•x#, ~A2!

where the momentum sum is over the discrete momenta
ing from the application of periodic boundary conditions
the box, the indexs is over the spin states, and the comm
tation relations of the creation/annihilation operators are
the form @ap,s,s ,ap8,s8,s8

†
#5dpp8 dss8 ds,s8 . In contrast, the

free neutrino fields have a continuous momentum spectr

c i~x!5(
s

E d3p

~2p!3/2

1

A2Ep

@a~p,s,i !u~p,s,i !e2 ip•x

1b†~p,s,i !v~p,s,i !eip•x# ~A3!

with @a(p,s,i ),a†(p8,s8,i 8)#5d3(p2p8) dss8 d i i 8 .
The interaction Lagrangian relevant to the first vertex

the process described above is

LI52gE
VS

d3x c̄agm~12g5!nac̄pgm~12gAg5!cn1H.c.,

~A4!

whereg[GFcosuc /A2, GF is the Fermi constant,uc is the
Cabibbo angle, andgA'1.26 is the neutron-proton axial vec
tor coupling. A similar interaction Lagrangian describes t
interaction in the detector. The relation between the fla
fields and mass eigenstate fields isna5( iUa ic i , where the
Ua i are elements of a unitary matrix. The amplitude for t
neutrino production/detection process is

11Since we are taking momentum quantization ‘‘seriously’’ in th
approach, it is convenient to adopt slightly different normalizat
conventions from the ones used in the main text. The differen
are easily deduced from the explicit expressions for the field exp
sions and the commutation relations given above.
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Tab52g2E
2`

`

dx0E
2`

`

dy0E
VS

d3x

3E
VD

d3y
e2 ip•x

AVSA2Ep

eip8•x

AVSA2Ep8

3
e2 ik•x

AVSA2Ek

e2 i l •y

AVDA2El

eil 8•y

AVDA2El8

3
eik8•y

AVDA2Ek8

@ ū~ l8!gm~12gAg5!u~ l!#

3@ ū~k8!gm~12g5!„iGba~y,x!…gn~12g5!u~k!#

3@ ū~p8!gn~12gAg5!u~p!#. ~A5!

Here k and k8 are respectively the initial and final lepto
momenta,p and p8 are the initial and final source nucleo
momenta, andl and l8 are the initial and final detecto
nucleon momenta. The propagator or Green’s functi
iGba(y,x)5^T$nb(y) n̄a(x)%&0, with T $ % and ^&0 denoting
a time-ordered product and vacuum expectation value,
spectively, can be expressed in momentum space as

Gba~y,x!5E d4s

~2p!4 e2 is•(y2x) Gba~s!. ~A6!

Integration overx0, y0, and s0 in Eq. ~A5! fixes us0u
5uEk1Ep2Ep8u and yields a factor (2p)2d(Ek1Ep1El
2Ek82Ep82El8).

We letVS andVD be cubes of sidesLS andLD , centered
on xS andyD , respectively, and employ the approximation
Eq. ~21!. Because of theV2A lepton currents, the relevan
block of the Green’s function isGLR . Suppose that this
block of the propagator takes the form of Eq.~17!, with Hba

having only flavor indices. Changing variables tox85x
2xS and y85y2yD , the amplitude in Eq.~A5! can be ex-
pressed

Tab5
ig2 d~Ek1Ep1El2Ek82Ep82El8!

2~VS!3/2~VD!3/2uyD2xSuS)
s

A2EsD S)
d

A2EdD
3ei (k1p2p8)•xSei ( l2 l82k8)•yDHba~Eq ,yD ,xS!

3F)
I

D~uI ,LS!D~v I ,LD!G @ ū~ l8!gm~12gAg5!u~ l!#

3@ ū~k8!gm~12g5!u~q!2#@ ū2~q!gn~12g5!u~k!#

3@ ū~p8!gn~12gAg5!u~p!#, ~A7!

where the indexI is over the three momentum direction
u[k1p2p82q, v[ l2 l82k81q, D(w,a)[(2/w)sin(wa/
2), andq5Eq L̂ .

An event rate is obtained by squaring the amplitude;
terpreting one of the energyd functions asT/(2p), whereT
is a time interval; and dividing byT. At this stage we will

s
n-
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also make the approximation of a continuum of states in
source and detector, i.e. take (LS/2),(LD/2) to be large. In
this limit D(w,a)→(2p)d(w), and @D(w,a)#2

→@(2/w)sin(wa/2)uw→0#(2p)d(w)52pa d(w). Finally, in
the continuum limit there is a phase space factor of the fo
d3p V/(2p)3 for each final state particle. The event rate o
tained from Eq.~A7! is then

dGab5
g4 d~Ek1Ep1El2Ek82Ep82El8!

4~2p!4VS L2S)
s

2EsD S)
d

2EdD
3uHba~Eq ,yD ,xS!u2d3~p1k2p82q!

3d3~ l1q2 l82k8! d3p8 d3l 8 d3k8

3 (
spins

@ uū~ l8!gm~12gAg5!u~ l!

3ū~k8!gm~12g5!u~q!u2uū~q!gn~12g5!u~k!

3ū~p8!gn~12gAg5!u~p!u2#. ~A8!

Using standard plane wave methods to compute the neu
production rate and cross section factors in Eq.~1!, it is easy
to verify that Eq. ~A8! is equivalent to Eq.~1!, with
Pna→nb

5uHba(Eq ,yD ,xS)u2. As noted in the text, explicit
computations yield the oscillation probabilities found in t
usual quantum mechanical model.
a
.
.

e

hy
l
ge
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Equation ~A8! represents the rate per source proto
source charged lepton, and detector proton. To get the
experimental rate it is necessary to sum over these so
and detector particles. Employing the usual classical dis
bution function, for uniform spatial distribution the numb
of particles of typex is

Nx5VE d3p

~2p!3 f x~p!, ~A9!

so that the total event rate is

dGexp5E VS

d3p

~2p!3 f p~p! VS

d3k

~2p!3

3 f a~k! VD

d3l

~2p!3 f p~ l! dGab . ~A10!

We note that one of the factors ofVS cancels, leaving one
factor each ofVS and VD . These remaining two volume
factors are replaced byd3xS andd3yD , and integrations over
these source and detector positions are performed. While
have explicitly shown how this works out for our particul
chosen process, for any neutrino production/detection p
cess one factor ofVS andVD will remain at the end.
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