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MSW effect in quantum field theory
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We show in detail the general relationship between the Sihger equation approach to calculating the
MSW effect and the quantum field-theoretiGnatrix approach. We show the precise form a generic neutrino
propagator must have to allow a physically meaningful “oscillation probability” to be decoupled from neu-
trino production fluxes and detection cross sections, and explicitly list the conditions—not realized in cases of
current experimental interest—in which the field theory approach would be upg@856-282(199)01619-7

PACS numbgs): 14.60.Pq, 13.15:g, 26.65:+t, 97.60.Bw

[. INTRODUCTION chanical model of the oscillation process. In this model the
neutrino state inhabits a Hilbert space whose dimension is
Recent results from the Super-Kamiokande experimengéqual to the number of neutrino flavors. The Hilbert space is
[1] have confirmed, with high statistics, the reality of the spanned by a mass basis and a flavor basis. These bases are
solar[2] and atmospherif3] neutrino anomalies. In the case connected by a mixing matrix, taken to be the same as that
of the atmospheric neutrino anomaly, the Super-Kamiokandghich connects neutrino “flavor fields” to neutrino “mass
data can be interpreted as providing evidence that thgjgenstate fields” in a field theory Lagrangian. The Hamil-
anomaly is due to neutrino flavor mixingt], and “long  tonian is simply the particle energy, and the phenomenon of
baseline” accelerator and reactor neutrino experiments majeuytrino flavor oscillations arises because the Hamiltonian is
be able to confirm this conclusiofb]. Data from Super- not diagonal in the flavor basis. It was pointed out by
Kamiokande and the Sudbury Neutrino Observat@NO)  wolfenstein[8] that the parameters of flavor oscillations are
eventually should allow tests to determine if the solar neugjtered in the presence of matter because of the effective
trino anomaly is also due to neutrino oscillatid§. These  mass induced by neutrino forward scattering off the back-
developments are bringing to a critical test the possibilityground. The effective mass, which contributes to the Hamil-
suggested by earlier observations of solar and atmospherignjan in this quantum mechanical model, can be computed
neutrinos—and by a perSiStent Signal in an accelerator nelby emp|0ying the famous formula re|ating the index of re-
trino eXperiment, the LIQUId Scintillation Neutrino Detector fraction to the forward Scattering amp"tude, where this am-
(LSND) [7]—that neutrino flavor mixing may provide one of pjitude is computed from QFT using standard interactions.
the first experimental windows on physics beyond the stansince the effective mass due to the background is diagonal in
dard model. the flavor basis, in the limit of slowly varying background
In a generic neutrino oscillation experiment the event ratejensity the total Hamiltonian is diagonal in a new basis, the
for the detection ob/; from a flux of v, from a point source  “jnstantaneous mass” basis. Mikheyev and Smirn@]
at distance. takes a form such as the following: subsequently noted that a level crossing of the “instanta-
neous neutrino mass eigenstates in matter” occurs in a back-

ar,, ground of monotonically varying density. The resulting
dl"aﬁ=deq Z—H (P, _,Vﬂ)(davﬁlﬁ), 1 Mikheyev-Smirnov-Wolfenstein (MSW) effect” consti-
L=dQqdE, ‘ tutes a new mechanism of flavor transformation that allows a

parameter space of solution to, for example, the solar neu-
where the direction of the neutrino momentgrpoints from  trino problem, that is very different from that provided by
the source to the detector. The first factor in the integrandacuum neutrino oscillations.
represents the flux of neutrinos of enefgy from a process The means just described of computing an experimental
involving a charged lepton of flavar, and the third factor is event rate for neutrino flavor transformations has the virtue
the cross section for neutrino detection via a process involvef simplicity. However, being somewhat schizophrenic in its
ing a charged lepton of flavgs. These factors are computed amalgamation of quantum field theoretical and quantum me-
by the standard techniques of quantum field the@¥T),  chanical methods, it is not surprising that studies have ap-
with the approximation of massless neutrinos. peared in which the neutrino production/oscillation/detection
The middle factor—the so called “oscillation is examined as a single process in the context of QFT, with
probability”—is typically computed with a quantum me- the neutrinos being virtual particlg40—15. These studies
identify the conditions for which the amplitude for this over-
all process factorizes. However, by not showing the com-
*Electronic address: Christian.Cardall@sunysb.edu plete relationship between this amplitude and the neutrino
"Electronic address: djchung@landau.physics.lsa.umich.edu  production flux and detection cross section, these studies
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lack a firm justification(other than recognition from the Great simplification occurs in the relativistic limit, and we
usual quantum mechanical picturfor calling a particular recover the same oscillation amplitude obtained with the
factor an “oscillation amplitude.” In addition, previous Usual quantum mechanical model. In Sec. V, we study the

works employing this “scattering approach” to flavor mix- Green’s function in a nonuniform background potential. Un-

ing have only considered vacuum flavor oscillations; it is ourd®r @Ppropriate conditions we recover the usual Stihger-

purpose here to consider the MSW effect in the context Oty_pe equation for the oscillation ampl_itude. S_ection V1 con-
QFT. Our approach is complementary to the work of Ref. ains concluding remarks. An Appendix contains a quick and

- . e easy derivation in QFT of fully normalized neutrino oscilla-

%gtmzzfvw'sn; ]ﬁjuinc\{ﬁ)%sfrom QFT within the context of tion event rates in the form of Eq@l), which is justified by
. gnet : . _— the more complete treatment in Sec. Il.
In this scattering approach to neutrino oscillations, the

deriva;ion of the usual Schﬁng_er equatipns for the MSW Il. GENERAL » OSCILLATIONS
effect in the presence of a spatially varying background is a ) ]
rather trivial consequence of the virtual neutrinos going on For the sake of completeness and to establish the setting
shell, since in that case the multiparticle nature of QFT beOf our calculation, we give a general overview of the neu-

comes irrelevant. This property was noted in R&d] in the trino_ oscillation calcula_tion in field theory, going beypnd
context of vacuum oscillations. If this property is invalid, Previous work§ 1015 in a couple of ways. While earlier
then the usual quantum mechanical treatment must be mo tudies demonstrated the factorization of the amplitude under

fied and the quantum field theoretical treatment become%;:}:gI?hecggg::till(ljz;[is(;eanrﬁglliltnu%el’c’kiar?ttlﬂgastltgrrl] dgl; dtgﬁztj?gtjr
gseful. Hence, perhaps the most Important point of this pape{hey do not go all the way to a fully normalized expression
is that the usual quantum mechanical treatment should

o ) . . . ke that of Eq.(1), leaving one without an unambiguous,
modified suitably if one of the following conditions holds: physically meaningful reason to name this factor an “oscil-

the on-shell neutrino momentum is nonrelativistic, the neujation amplitude.” In addition, previous works exploring the
trino production or detection vertices are non-chiral, thegongitions under which the neutrino propagator determines
wave packets of the external production/detection particleghe oscillation probability, independent of the details of neu-
are sensitive to momentum variations of the order of inversgrino production and detection, have only considered the
source-detector distance, or the neutrino effective mass spliracuum propagator. As a prelude to studying the MSW ef-
tings (determined by the effective potential including the fect, we seek to elucidate the form a generic neutrino propa-
background matter contributionare large compared to the gator must have to make it possible to disentangle the neu-
spread in the momenta of the external particles. trino oscillation probability from the production/detection
We begin in Sec. Il with a discussion of general neutrinomechanisms.
oscillations. While this ground has been partially explored In this section we consider generalities without commit-
previously, the discussion will serve to clarify some of theting to a particular modelLagrangian, establishing the con-
physics of the oscillation process and identify the extent td1ection between a physically clear definition of oscillation
which the neutrino propagator determines the probability ofProbability [given by Eq.(1)] and the neutrino propagator.
neutrino oscillations. In particular, we do not assume the=0r & simple choice of external particle wave packets, we
vacuum propagator at the outset; we find the precise form anll give a falrly_gener_al expression for the neut_rmq oscilla-
generic propagator must take to allow a physically meaningfﬁ'on event rate including a “calcu_lated” norme_lllzanon. I_:or
ful “oscillation probability” to be decoupled from neutrino illustration, in the Appendix we give an explicit calculation

production fluxes and detection cross sections, and pinpoiﬁ?ading to a fully normalized event rate like EG) in the

the component that gives rise to the oscillation amplitude. fontext of a semirealistic model Lagrangian.

. . . S In field theory and in physical situations, we distinguish a
Sec. I, we discuss the eff.ect|ve La_g_ranglan approximation iven flavor of neutrinos by their interactions with charged
assumed in our framework; as specific examples we discu

3 ; : ) ) ptons. If we calculate the probability amplitude for the pro-
e~ and neutrino backgrounds, including an outline of NOW t0yqq¢ inyolving flavore at the source of the neutrinos and

obtain a self-consistent neutrino background in, for exampleya,or 8 at the detector of the neutrinos, we can calculate the
the supernova environment. Having identified the Gree”'?)robability of neutrino oscillations of— 3. The flavor of
function (or propagatoras that which determines the portion g5cn interaction can be distinguished by measurable, on
of the neutrino oscillation probability that is independent ofspe, external particlegi.e., the charged leptonsHence,
the production/detection mechanisms, in Sec. IV we study;|culating neutrino oscillations is equivalent to calculating a
the Green’s function of an effective theory of neutrinos in ascattering event where a neutrino propagator connects two
static, uniform background, finding a rich pole structure.fiayor distinguishing vertices with external particles coming
from them.
In calculating scattering quantities such as cross sections,

1A partial connection is made in RdfL1], where it is shown, for ~We usually calculate the plane wave scatteigwgatrix:
example, how the 12 flux factor and on shell momentum space
neutrino spinors arise from the vacuum propagator. However, the S({ki},{p,-})—lz(Zw)"'&"'( 2 (—1)%p,
overall event rate they arrive at by “heuristic consideration,” to use [
their words, contains a normalization constant. The relationship of
this normalization constant to the coordinate space external particle + E (— 1)s,k|> iM, )
spinors they employ is left unspecified. T
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where M is the usual invariant amplitude calculated with _ (%) .
Feynman diagrams in momentum space andd,=1 for D+ vg—{Fp} at the detecto(we specialize to one detector

incoming particles and 0 for outgoing particlglse grouping particIeD), and chopse plane wave packfats f_o.r the source’s
of the momenta will be explained shorilyThis is considered f!nal stgte(antDneutrmos and the detector’s initial staen-

to be a good approximation in the case of calculating usua/N€utrinos:

collider event rates since there the events of interest occur 1 l+Fg

within a single volume element before the final state particles A= f dkTwe(k: K K -1

are detected, and the corrections arising from localization of ~ > V2EW H [dkl¥si(ki K[ Ssl {km}, @) = 1],

the interactions usually are not important to the detection

rate. However, because neutrino oscillations involve quan- 1

tum interference effects over macroscopic distances WhicMDz—f
separate the production point and the detection point of the VZEq\/v

1+Fp

L1 rdpJwo;(py.pISo({Pab ) 11,

neutrinos, we must take more care to account for the local- 4)

ization of the interaction points to calculate the leading order . ) , -

observable quantity. where q=(E4,LEy) is the neutrino momentum, ant
This localization of the vertices necessarily requires that= (Yo —*s)/ |YD—XJ points from the source to the detector.

the incident and final states be spatially localized wave packl? As and.Ap we have implicitly assumed that the neutrinos

ets instead of plane wave statéas we shall see, analyses aré massless, because massive flavor eigenstates cannot be
which appear to use only plane wave external states Wh“é_lsymptotic states. Standard kinematics then yields the rela-
restricting spatial integrations in aad hocmanner[12,15 tionship

actually have complicated wave packets buried beneath the

surface) Hence, the probability amplitudés a superposition |AIZ f dE.E;  |Ag?V p) ) | Ap|?V
of Eq. (2), T (27T)3L2V,,D Ts YaTVg Tp

®

1+Fp IstFs whereV is the usual total volume factor associated with the
A= | 1T 1dplvni(py.pp T1 [dkilwsiki ki) phase space and normalization of plane wave pacKe®s;,
' - - and T, are the usual time factors associated with stationary
X[S{Km}t {Pmb) — 11, (3) wave packetsy, is the Mbller speed(associated with the

flux) between the detector particle and the neutrinos; land
where [dp;]=d®p; /[(277)3‘/2Epj], {k,} are the external =|Yp~Xsl:

momenta of the vertex at the production region centere As just indicated, we make the simplifying assumption of
P 9 %tationary wave packets. The main simplifying utility of this
aboutxg, and{p,} are the external momenta of the detec-

. > energy conservation approximation is to get rid of the neu-
tion region centered aboyf, . Here the set of parameteps, 9y P g

) ) . trino momentum integrdl We encode our assumption of sta-
andk,, characterize the peak of the wave packets di—s‘t”b“’[ionarity by defining spatially smeared functions

tion of moment& We have also fixed the number of external
particles to bd g incoming andF g outgoing patrticles at the _ iz (—1)%k;-x
source vertex, and 1 incoming aRg outgoing external par- gs(x,{k,},q) €4 -
ticles at the detector vertex. Ig+Fg

Now, let us see how this is related to the usual quantum  _ H [dk]wsi(ki ,k_)eiz (71)Slk|-xiMS({ki},q),
mechanical treatment. The procedure for calculafg.., i SR
in Eq. (1) in a quantum mechanical model was described in
Sec. I. In field theory,PVW,,ﬂ defined by Eq.(1) can be QD(yy{pi},Q)eiZ (-1)%py-y
calculated by comparing E@l) with the event rate derived -
from Eq. (3). We associatedg with the amplitude for{l g} f

1+Fp
IT dp1o,(p; py)e 2 D" iMo({pi} )
®)

20ur conventions for the metricy matrices, and normalizations We note thatMs and Mp have the form(assumingv—A
are the same as Refl7]. The wave packet normalization is '€Pton currents
fd3p2m) 7 3ly(p)|? = 1. A plane wave packety(p,p’)

(=)
—{Fg}+ v, at the source andly with the amplitude for

=[(2m)% W] (p—p’'), whereV is a volume factor, follows this Mg({kih,a)=u" () PeM1({ki}),
N ! . 3 a2 e
l[w\c/)/r?;e:l;)zsaitgg?pc_o;’\/fntlon providelds®(p—p’) ] is interpreted as Mo({ph,a)=M,({pHPu~(q) (v 0s0,

3The 0Oth component of these “parameters” is taken to be on mass
shell since we will choose the wave packets such that they behave
like plane waves for large values of the spatial components of these*we refer the reader to Refl4] and references therein for related
“parameters.” discussions regarding coherence.
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MS({ki}!q):MZ({ki})PLV+(q)v qMQV{»yM,ny}
Mo(p} @)=V (@P-My({p}) (v 059,  (7) 20-Q

. on both sides of the Green'’s function in E41), where as
whereM, andM,, are, respectively, column and row vectors

in spinor space, and; andPg are the left- and right-handed before . 9= (Eq. LEq_)’ gnd we def|n2e S
chiral projection operators. Following the conventions of =[Eq,LV(Eg)*—m?] in which the parametem”<Eg,
[17], we represent the spinotsandv as though its precise value is unimportant in this context. We

note that sinceq is null, q-y=25us(q)US(q) (or g-vy

< Vq-oé® < q-on° =Esv5(q)73(q), if one wishes to consider antineutrino os-
u(a)= Jaoe) viq)=| Jaon) (8 cillations). From the explicit form ofi andv it is easy to see

=1 (12)

that
whereaﬂz(l,a),;”=(1,— o), ando is the three-vector of P, (q- N=P, u(d)u" )
Pauli matrices. Since these are spinors for massless particles, L@ Q- y)=PLur(q)u () (Q-7),
the spin indexs is associated with the spin component along PL(Q-9)(g-y)=(Q-y) Prut(q)u*(q),
the momentum axis; specifically, we hage =»*, &t =
— 75, with o-qé=(q) =+ £7(q). Setting Eqgs(4), (6) into (Q-y)(q-y) Pr=(Q-y) U_(Q)U_(Q) Pr,
Eq. (5) yields

(9-Y)(Q-y) Pr=u(qhu (@) PL(Q-y). (13

(2m)o| 2 (~D¥E+ 2 (—1)UE, [P,

| [The same relations hold fan™(q) replaced byv™(q).]

A2 Soon we will show the form that the Green’s function must
~ o~ _ have, after localization by the source and detector, in order

- 16772"2\/”'3?'93( —d,tki})| ZlgD(q’{Ei})| % that the term wittu~ (or v*) on both sides o6 be the only
one to contribute. If more than one spin contributes, we will

©) not recover the usual quantum mechanical treatment without
spins taken into account. In that case, working with the full
scattering picture of Eq.3) is useful. Keeping only the term
with the relevant spinor on either side G one can show

§D(q,{Ei})Ef d3ygD(y,{Bi},q)ei(q?(*1)d'EI)'y, that Eq.(3) becomes
(10

where we have defined

A=—f d*y gp(y.{pi}.q) 3Dy
and similarly for gs. Stationarity constraingq|=E,= -
—3(~1)%E,.

Let us turn our attention tod. Given that we have a
neutrino propagatoG in our amplitude, and assuming

x f d*x gs(x,{ki},q) ek

— A lepton currents, we can write Xij d's e" i XpG(s) P (14)
’ (2m)* ’
ki {p;H)—1 .
StikahApi) o o whereP=y°u~(q)/(2Eq) = ¥*v* (a)/(2E,), P=P"5°, and
zf d4y 3D 'p"yf d4x g Dkx gs andgp are given by Eq(6).
In passing, we would like to remark that in Eq.4), we
f d%s iy : 11 can always writgfor neutrino oscillations, for example
i et VTIM, P G(s) PRM4, (11
(2,”_)4 2L RWI1

gs(x,{ki}, @) €TV x=ju~(q) My ({ki}) Fs(x,{ki})

whereM; andM, are the same as in Eq&)), ands is the (19

off-shell propagator momentum. The uppéwer) sign of

T in the exponential is for neutrinéantineutring oscilla- ~ (and similarly forgp) where fs is a scalar function ok.

tions; this arises from choosing(y) to always correspond to Then we obtain the fornfagain assuming the single-spin

the sourcedetectoy. That is, for neutrino oscillations of fla- contribution is justified after spatial integratjon

vor «a to flavor B, the Green’s function isiGA%(y,x)

—=(T{1A(y) v (x) o=i [[d*s/(27)*] e IS 0 GAe(s) :f 4y 4 , .

(vv<ith T {} and <)>0 denoting a time-ordered product and A dxdy fS(X’{E'})fD(y'{E'})

vacuum expectation value, respectiyelywhile for an- dts

tineutrino oscillationsx— B, the labeling iSG*A(x,y). xf 4e"5‘(y‘x)iM({ki},s,{pi}), (16)
Insert the identity (2m) - -
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which is a common starting point of analysis in the literature ei\so\lx—y\

as in Refs[12,15. However, with arbitrarily chosen smear- [M ™ 1GRR(s%,x,y)]*#=— yp vy U U5

ing functionsf, it is difficult to assess what actual scattering mlx=y| 5

guestion the amplitude is an answer to, because the smearing m2|x—y|

functions are not the wave functions of the in-out particles, xexp —i Xy (19
. . O ’

but are the wave functions smeared over the matrix elements. 2|s”|

As a consequence, the normalization is usually ignored in

this approach. We will return to the normalization later in whereGgp is the nonzero X2 submatrix left byPgG Pg,

this section. M is the mass matrix appearing in the Lagrangian, andirthe
Returning to Eq.(14), integration overx?, y°, ands® are the mass eigenvalues. In E49) we have made the

gives an overall energy-conservingjfunction and sets®  flavor indices explicit; the relationship between the flavor

=E, (for antineutrino oscillationss®= — Ey). We also note fields and mass eigenstate fields/js==;U ,;#; , where the

that the chiral structure oP GP (as well as the original Ui are elements of a unitary matrix. Fe°[L>1,
matrix elementpicks out only theG, g block of the neutrino .
propagator, wher6, g is the nonzero X 2 submatrix left by wpy 0 ellslx=yl
P_GPx. In addition, the localization afs andgp, aroundxs ~ CLR(SX.Y)=— dalx—y]
and yp, respectively, “clamps down” on the coordinate

space Green's function. In particular, if the characteristic p( -m12|x_y|>
widths Lg andLp of g5 andgp are much smaller than the Xexp —I———(—
source-detector distande=|yp—Xg/, we note that if the 2ls’|
“oscillation probability” is to be disentangled from the de- .

tails of neutrino production and detection, the relevant porwherer (x,y) = (x—y)/|x—yl|. To apply Eq.(20) to neutrino
tion of the Green’s function for oscillations— 3 must take ~ oscillations one takes’— E 4 andx,y—y,x. For antineutrino

[s"—ls"l«r?(x,y)]Ei U,U%

(20

the form oscillations, s— —E, and x,y—X,y. After making these
substitutions we will be integrating ECR0) over localization
d3s functions of characteristic widthisg and L centered orx
Gfg(s(’:Eq,y,x):J . €5V GPR(s"=Eq.9) =xg andy=yp. This means that fot.g,Lp<L, we may
(2m) replacex andy by xg andyp everywhere except the phase
~ _E(1-0-0) factors, in which we consider the first order variation
=~ —E, .
elEat (-9 . i 0so [x=yl=Ixs=Yo|+L-[(y=Yp) ~ (x—xs)]
X——HP*(Ey,Yp ,Xs v 0S0, R
4mlyp—xg| a =L-(y—x). (22)
G{B(s"=—Eq.xy)=+Eq(1-o- L) We see that a necessary mathematical condifioaddition
ol (y=) to the relativistic assumption ar,L>1) for Egs. (18—
e-aq-"VYTN

(20) to reduce to the form of Eqg17) is mj2 Lsp/(2Ey)

<1 [which also implies the more familiar rr(j2
(17) .—miz) LS,D/(ZEq)<<_1]. The physical basis of these condi-
tions can also be inferred from Eqd.8)—(20). E(L>1 al-
lows the propagating neutrino to become an on-shell relativ-
istic particle, and also allows appreciable oscillation phase to
build up over the source-detector distanmf.stD/(ZEq)
: ) . 111 <1 requires that no appreciable oscillation phase build up on
in the Lagrangian, and takes this form due to the relativistiengh scales comparable to the width of the external particle

limit. Another key ingredient is the f?‘?@qu,‘y_,xl’ whichis  \ave packets. The necessity of these conditions for disen-
the leading phase factor in the relativistic limit coming from ¢anglement of the flavor oscillations from the details of neu-

U™ evaluated at the poles o6 g. In addition, ying production and detection is evident.
1]y—x| comes from the asymptotic expansion of the left-  The origin of these conditions can also be understood in

hand side of Eq(17) in the limit that|y—x|—, and it can  omentum space. First, rewrite Ed4) as
be considered to be the monopole term in a multipole expan-

sion. We will discuss the validity of the factorization and the

asymptotic expansion further below in momentum space. A=—(2m)6
Before we talk about momentum space, let us give an

example of Eq(17) by considering the vacuum propagator. d3s

In that case, it is straightforward to show tHanticipating X i J’ eTis(Yp—x9

the relativistic limif (2m)°

X ————H*(E,,yp ., Xs) (v 0S0,
47T|YD_XS| ( q Yb S) ( Q

wherell = (yp—xs)/|yp— Xg points from the source towards
the detector, and the quantitiés and H have only flavor
indices. The factoEy(1—o- L) arises from the kinetic term

2 (Z1)%E+ 2 (- 1)UE,,

IS (—1)\SIk, . o (—1\din, . ~
G r(8%xy)=(s"+io-V)[M 1Ggr(s%,x,y)], (18 e yD]hD(S,{Ei},Q)

073012-5



CHRISTIAN Y. CARDALL AND DANIEL J. H. CHUNG PHYSICAL REVIEW D 60 073012

~ — 1
xXhs(=s{k},a)P G| =52 (~1)%Eys|P, ’Z (— 1%k +5, | < <My,
- - I - S

(22

1
<—<M,p, (23
Lo

d
where the functionfis andhp can be approximated to have ’Z (=D%p—s,
noXs or yp dependence. This can easily be seen to be exactly
true for the ideal case of isotropic smearing functions, e.g.,
9oy, a) =ho(ly=yol);: Eq. (10) then vyields E]D where we have denoted the lightest external particle masses

T to be M and M for source and detector
=glui —e_ S (_1)d Mis LD _ '
eohp(|uf), where u=s—2,(-1)%p,. Because the oqneciively. The critical momentum will bes,
propagator will in general have poles corresponding to the

o~ ""2 ~ . .
mass of the physical neutrino states, the dominant contribu?I‘\/[E'(_l)sI EE|]2_mi Wheie m; 1s the effective pole
tion to the integral in the asymptotic limitE,—o will be ~ mass of the particle. Hence, riﬁj<|2|(—1)3'Ekl| and the
from a term that contains the integrand of E2@) as a factor  external particles are nonrelativistic, then Eg3) can be
evaluated at the poles and stationary phase pdorcal  satisfied only if about equal mass of external particles enter
points. For the vacuum, the constant potential, and the adiaand leave the source/detector vertices. If any of the the ex-
batically spatially varying background potential cases, on@ernal particles connected to a given vertex are sufficiently
can asymptotically expand the integral Eg2) in the limit  relativistic, this severe constraint does not arise.
LEq— (similarly as in Ref.[11]) to find that to leading We now show that Green’s function must take the form
approximation, the termp(s,{p;},q)hs(—s{ki}.q) can be found in Eqgs.(17) after being spatially “clamped” by the
moved outside of the integral with the replacements, source and detector if the terms projected by the spinors

wheres, corresponds to one of the critical points. By fac- (0rv ™) on both sides o6 are to be the only contributions to
toring out h, we have implicity assumed that the amplitude. In Sec. IV, where we study the neutrino

Fio(s{pihq)s(— s {k;},q) is not sensitive to the splittings prop.)agator. in a.ur1|form, static medlum, we: Wlll f|r.1d it con-
in the “critical points(otherwise different pole momentaof v.enle:-nt t(.) identifyl. of Eq._(ﬂ) W't.h the positive third spa-

} ~ ~ . tial direction. In that case it is straightforward to show, using
Gr will causehp(s,{pi},d)hs(—siki},q) to have different  gq (13) that the terms with spinors of different spins on
values, preventing factorizationThis means that the wave gijther side ofG pick out the off-diagonal spinor space ele-
packets must be flat in momentum space at least within thgyents ofG, 5, while the terms with the same spins on both
range of pole momentum splitting. Also, if this is not the siges pick out the diagonal spinor space elements. The ma-
case, one of the poles will not contnbdﬂeepause the am- i (1—o®) from Egs.(17) confirms that onIyG'f% is non-
plitude of the wave packet has fallen off with respect to the

: . N "%zero, and therefore only the term with (q) [v*(q)] on
amplitude at the other pleand no neytrmo o§C|II§1t|ons .W'” both sides ofG survives for the neutringantineutring
occur (or more accurately, the neutrino oscillations will be oscillations®
greatly suppressed relative to the backgroulide will refer Recalling thay=L E, . and upon inserting Eq&17) into
:icr)éfls flatness of the wave packet as insensitivitg,tsplit Eq. (14) and_ Eq_.(14) inqto Eq (9), we finally arrive at the

Also note that because of the presence of the exponentiQIeumno oscillation probability
in Eqg. (22), this leading term in the asymptotic expansion
will not be a good approximation unless the inverse “mo-
mentum scale height(i.e., logarithmic derivativeof hp hg s ,  —
near the poles is much less thanHence, factoring out the Pvawf“" (Eq.¥p.X9)|*, (v 0s0, (24)
wave packet dependence which is crucial for the validity of .
the usual quantum mechanical treatment requires the wawghereH andH are defined by Eqg17), and we have as-
packet factorTlDTls to be insensitive under [I/ momenta Sumed that the detector partidieis nonrelativistic such that
variations as well as thg, splitting variations. v,p=1. With the cancellation of the source and detector

While localization is clearly necessary for the observationwave packets, one can see why employing a separate quan-
of oscillations, the source and detector localization scaletm mechanical model to compute the oscillation probability
Ls,Lp implied by Eq.(6) cannot be smaller than the Comp- is possible[Note that the standard vacuum oscillation prob-
ton wavelength of the lightest external particles. In the cas@bility is recovered here, as is clear from E(s7)—(20)].
that all the external particles connected to a given vertex are We emphasize that the Green’s function here is the full
nonrelativistic, this gives rise to a constraint on the masses diropagator in any given theory and we have made no severe
these external particles. To see this, consider the ideal caggsumptions about the nature of the production and detection
mentioned above in whichgp(y,{pi},aq)=~hp(ly—Yol).
Thengp=e'""Yohp(|u|), wherehp(|u|) is damped forjul
=|s, —=(—1)%p|| larger than 1. Hence, thes, split- SNote that withL set to the third spatial direction, both (q) and
ting insensitivity condition can be written as v*(q) have 4-spinor components (®2E,,0,0).

PvaﬁvIB:|HBa(EquD1XS)|21 (V OSQ:
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effective verteX Hence, as expected, the production/smearing of that function. Fortunately, becahée and M,
detection independent field theoretical effects on neutrino osdo not depend on such small momenta, we can write the
cillations come from the coordinate space Green’s functionamplitude in the form of Eq(16) with

What perhaps is less expected is the fact that unless the wave
packets of the external particles satisfy specific properties,
the transition probability will not just depend on the propa- fs(X,{Ei}): H

IgtFg

—i(—1)%kj-x
—==—B(x-Xx9)|, (28
gator, but the entire coherent scattering process which neu- ZEEjVS
trino oscillation really is. Such tangled wave packet depen- - C
dence is discussed %:)r example ingR[dfs] P P (and similarly forfp) which is what one would use to cal-
Before concluding this section, we would like to note thatculate scattering of particles confined to a box interacting

we can easily work out the neutrino oscillation detection ratew'th particles _that can prapagate outside of the box. Exphc_:-
tly, the transition rate per source and detector particle is

including the normalization if we assume a particular class of"

wave packets. Let us define a box wave packet as a com‘igéi’—'ven by
ration such that the superposition integral gives, for each IstFs
outgoing particle, for example, dl=(2m) & E (—1)%E, +E (—1)%E H
| a9 Ll B 2E, Vs
3 —
ik-x
f (27)3\2E, lﬁS(k’pe Fporl 41 Fs d3k,VsFo d3p,Vp
x T1 - -
oo [ Ak e T 2B Vob (2m)®a (2m)°
~ g'FKX J—ws(k,k)e" X=N€eX*B(x—Xg), -
(27)3V2E, - d3s
X f etisOpxIp g > (—1)%;+s
(25) (27T)3 | —
whereN is a constant independentxofndB(z) is a function 2
which vanishes ifz is outside of a box centered about the XDp| > (—1)%p,Fs|iM (29)
origin with each dimension of lengthg and is 1 everywhere I — '

else. The approximation in Eq(25) is valid for x°

<(ExLg)/(2m|k|).  The  normalization  condition whereDgis defined by Eq(27), andDy, is similarly defined.

J[a3k/(27)3]|¥(k)|>=1 fixesN and implies In this case, one can also use the usual heuristic box quanti-
zation formalism to calculate the event rates including the

1 ek normalization. For pedagogical purposes we carry out this
Ps(k)= W 1-0 252 e "0 xspyk—k), (26)  simple exercise explicitly using a fermion field toy model in
S—k B the Appendix.

To summarize this section, we have shown to what extent
where the neutrino “oscillation probability” is determined by the
. . . production/detection wave packet-independent propagator of
DS(V):83'”(V><LS/2)S'n(VyLS/Z)S'n(VZLS/Z)_ (27)  the field theory. If wave packets for the production and de-
VxVyV; tection events described in E(]l) satisfy suitable localiza-
tion properties and the effective mass splitting of the neutri-
Hence, since the box scale must be larger than the Comptaibs is not large compared to the momentum width of the
wavelength scale, these external particles will generally havgave packets, the neutrino propagator determines the prob-
“plane wave in a box” type of normalizatiojup to a ability of transition as defined by Eql). This factoring of
(2m)38%(k—k) type of localization factoDg]. This wave  the wave packets out of the transition amplitude is crucial to
packet can be used to calculate the event rate usin@3Em  recover the usual quantum mechanical picture of neutrino
a standard way. Sincgs will have a width 27/Lg, smear-  oscillations. Furthermore, we see how the multiparticle na-
ing of any function that is proportional to momenta whoseture of the field theory becomes irrelevant as the poles of the
magnitude at the peak of the distribution is of the orderpropagator are the only states to contribute in this limit. For
27/Lg, (or less will deviate significantly from the Dirad  this factorization to be possible, the source-detector separa-
tion L must be large enough such that the wave packets do
not vary over 1L momentum perturbations about the pole
5The most significant assumptions leading to our final result werenomentum, and the pole momenta splitting must be small
the V— A type lepton currents; the stationary approximation in Eq.enough such that the wave packet amplitudes take on ap-
(6); relativistic neutrinos, i.e.B,—|s,|)/Eq<1, where|s,| is the ~ proximately the same value for the various pole moméasa
magnitude of a pole in the momentum space propagator; suffidiscussed between Eq&2) and (23)]. Furthermore, since
ciently localized and separated source and detector, Eg. ( the usual quantum mechanical treatment neglects the spin of

—|s,[)Lsp<1; andE L>1. the neutrinos, only one spin projection of the Green function
"We will write the wave packet centered about, since the one  must contribute to the amplitude to recover the usual treat-
centered abouy is analogous. ment. We have seen in this section that the relativistic limit
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of the on shell neutrinos and the chiral nature of the interac- 4Ge

tions ensure this. Now that we see that wave packet depen- Hf“:—FyeyMPLyeJi, (33
dence can be factored o(ds is implicit in the usual simple V2

guantum mechanical treatmgnive shall concentrate on the

wave packet-independent field theoretic calculation of thevhere J5 is the macroscopic left-handed electron current.

MSW effect, which is encoded in the propagator within aFor example, for an unpolarizes* background one would

background medium. employ—based on consideration of the sum over spin states

of single particle expectation values afy*“P e, for
[ll. EFFECTIVE LAGRANGIAN example—the following expression:
In this section, we briefly explain the effective potential 5

employed in our calculation of the MSW effect. Focusing on e p [fo (p)—for( )]& (34)

the physics well below the electroweak scale, we write the “#2) om3t e P)=Ter(P E,’

usual electroweak effective Hamiltonian density(sse, for

example,[18])

where thef .+ (p) are the usual distribution functions, includ-
ing a factor of 2 for spin degeneracy. As usual, this proce-
HF%(J’SJI + I8N0, (30) dure peglects highe_r_or.der correlation;. _Note that for elec-
J2 " trons in thermal equilibrium, our prescription, e.g.,

whereJ# is the charged current aidg is the neutral current. (Ve)= \/EGF(ne,_ Ne+) S0 (35)
Take for example the contribution to the neutrino-electron a

interaction of the form gives the same mass shift as the real time thermal field for-

malism employed by19].
- As another example, the effective potential due to back-
—_ M ’
Hy \/Eyey PLreeyuPie, (31) ground neutrinos is of interest in the envelope of a
supernova/nascent neutron star, where the neutrino flavor

which will be dominant for the MSW effect. We can distin- composition can affect, for example, the explosion mecha-
guish two different types of scattering: forward scattering,nNism[20] or the outcome of possible heavy element nucleo-
for which the background particles do not change their mosSynthesig21,22. In addition to thee™ background, we must
menta, and non-forward scattering. In calculating our transiconsider neutrino-neutrino forward scattering arising from
tion rate, we will not account for non-forward scattering con-another term in Eq(30),
tributions because these can be considered to be separate
production events. With this restriction, in expanding the Ge _ _
Smatrix perturbatively, the main background contribution Hi=—= 2, viv"PLvivjy,PLv;, (36)
will come from the expectation values of E§1) taken with V2 17
respect to the electron background states. The scattering am-
plitude will then receive contributions proportional to powerswhere the indices,j label the mass eigenstate fields. We
of work in the mass basis because the external neutrino back-
ground consists of on shell states, a point whose conse-
(V&)=22Gx(n|ey,P e|n) (32)  Quences were emphasized in R3] (see also Ref[22],
K a and references in thesé\s seen previously, in the perturba-

wheren labels a many-body background electron staiat tive expansion of th& matrix we will have occasion to take
necessarily translationally invariantNote that the right- @ Packground expectation value of this interactitins time

hand side is proportional to the left-handed electron currenf/ith respect to a many-body background neutrino state
of state|n). In an experimental setting, we are really inter- 1 WO Of the neutrino fields will be paired with fields in the
ested in ensemble averages of the probabilitiest the av- produ_ctlon and “detection interactions, Ieavmg two
erages of theS matrix). However, for macroscopic numbers other fields whose background expectation value is taken:
of electrons, we expect the main contribution to come from a

set of degenerate states having the same spatial localization Ge — _

as the macroscopic distribution function. This approximation <H|>:E 2 20y PLyi(v) v, PLyy)

will break down if the density matrix is not sharply peaked "

about one set of states giving degenerate contributions to the Ge . .

scattering amplitude. We will assume that such a peaked +— 2 2viY*P(vivj) v PLY; . (37
distribution exists, and we will merely assign macroscopic V2 77

currents to the expectation value of currents that will arise in

the scattering amplitude calculation. This means that we wilWhile the correspondence of the expectation value in the first
replace the interaction Hamiltonian density of E§1) with  term of Eq.(37) with a macroscopic current is apparent, the
the effective density meaning of the second term is less clear.

4Gp—
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We seek guidance by considering the expectation valuesiatrix. In the limit of vanishing mixing angledJ(,;= 6,;)

with respect to the single particle neutrino statgs v,) of

and a thermal background, the effective interaction of Eq.

momentung, spins, and massn, . The expectation value in  (43) gives the same mass shifts as obtained in Re&f. For

the first term of Eq(37) is
(as Vk|;j?’“PLVj|q S Vi)

5“( —

ZMU(QSVk)'y“PLU(qsyk)_ (38)

nontrivial mixing, however, in terms of the flavor fields Eq.
(43) becomes

Hﬁﬁz \/EGFQEJ ;a‘]/:j Y;LPLVDJ

We consider a relativistic neutrino background, so that to

leading order there are only negative helicity states; then the

momentum space spinors in E&8) are approximately

V2E¢7(q)
u(gs vy = 0 ,

(39

. _(—sir(G/Z)ei¢)
& (q)= cog02) |

+V2Ge 2, vo(U,idiUig) v, PLyg.  (45)
a,B

Considered as a matrix in flavor space, the quantity in paren-
theses in the second term of Eg5) contains off-diagonal
elements. It is clear from our derivation that the presence of
these off-diagonal terms derives from the fact that the back-
ground neutrinos are mass eigenstates, since they must be on

where (9, 4) denote the polar and azimuthal angles that desShell. This origin of off-diagonal flavor space terms in the

fine g. The first term in Eq(37) becomes
Ce S s up
E 5 2Vi‘}/ PLVi<Vj7;LPLVj>

(2m)® Eq X

=262 X/ (40
where x; denotes the upper two components Rfy; and

;/‘:(1,— o). Turning to the second term in E¢37), one
finds

SikOjk

mu(q SpIU(GS vy).

(41)

(aswy Vi7j|qSVk>: -

Employing Eq.(39), the second term in Eq37) becomes

G

_ _ SikOik 4 ot
F KOk
E % 2Vi'YMPL<ViVj>'yMPLVj:\/EGFXT; £

“(2m?® Eq M
(42

Noting the similarity between Eq$40) and(42), in the rela-
tivistic limit we replace the Hamiltonian density of E(R6)
with the effective density

HE=\BOLS Wy, P 3OS Wy, Pun,
(43

where

(44)

[ dp B
Jf;—f(2w)3[fvi<p>—fvi<p>]E—p.

background potential due to neutrino-neutrino scattering was
pointed out in Ref[23].

In calculations of the effects of neutrino flavor oscillations
in the supernova environment, the supernova core is typi-
cally treated as a stationary source of neutrinos free-
streaming from a “neutrinosphere,” with the flux at the neu-
trinosphere being taken from large-scale numerical
computations. Since the neutrinos forming the background
also undergo flavor transformation, self-consistency between
the oscillation probability and the background must be
achieved. Following the framework of R¢R3], such a cal-
culation was carried out in Ref22] in the quantum me-
chanical picture of neutrino oscillations. This involved a
rather complicated procedure involving a flavor basis density
matrix to describe the neutrinos above the neutrinosphere.
Casual inspection of the form of the second term in @)
would seem to make this kind of approach necessary. How-
ever, having shown that this term can plausibly be written in
terms of a macroscopic mass basis current, we see that the
self-consistency between neutrino background and oscilla-
tion probability is most easily achieved by working in the
mass eigenstate badi&iven effective interaction Hamilto-
nians like Egs(33) and(43), the oscillation probability can
be computedin any basig as described in Secs. IV and V.
We write Eq.(44) as

8t would seem reasonable to define neutrino flavor distribution
functions in the relativistic limit. Whileat the emission point.e.
the neutrinosphejeone could argue that these would be related to
the mass basis distribution functions tbyi(p)=2a|Uai|2fVa, at
points above the neutrinosphere the relation between these sets of
distribution functions is rather complicated, due to the flavor/mass
oscillations of free-streaming neutrinos in a background. The result-
ing absence of a simple connection between the macroscopic flavor
and mass neutrino currents at arbitrary positions to plug into Eqg.

The flavor fieldsv, are related to the mass eigenstate fields45) makes working in the mass basis seem much more straightfor-
v; by v,=3;U i v;, where thel ,; are elements of a unitary ward.
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E2dE, d(cosf)dé where f(x,y) = [ (dw/27) e 10" Y)f(w,x,y). In the con-
J’V‘i(f)=f " 3 [f, (Ep,coso,r) text of neutrino oscillation experiments we are interested in
(2) well-separated source and detector positions, so we ignore
p~ terms inJ with more than one factor ¢k—y| in the denomi-
— f;i( Ep,coso,r )]E—, (46) nator,
p
d®p

where p#=(E,, pE,), T is the radial position of a point J(w,X'Y)=f (Zw)se'p'(x_y)\](w,p)
above the neutrinosphere, amdis the angle between the

neutrino momentum and the radial direction at the point with »du W (2 1
radial positionr. Since the neutrinos are free-streaming, the :f (ZTPJO ¢’m
distribution functions at can be expressed simply in terms

of the “known” neutrino distribution functions at the neu-

trinosphere, e.g.: x| e Y3 (w,u,p=+T1)

fvi(Ep,cosa,r)zz £, (Ep,cOsy,R) P, ., (E,,co86,r), —e U MI(w,u,p=—1)+0O

Yj

el
ulx=yl/ "

whereR is the radius of the neutrinosphere, aidis the  \yhere we have integrated the abintegral by parts, and
angle of the neutrino emission with respect to the radial di-

. o . : . definedu=|p| andr=(x—y)/|x—y|. It is evident that the
rection a—zt the emission point; this angle is relatedH.td»y_ two Ieading|r3c|erms :;1re(azir)1/1)u|thallyy| symmetric, and that their
cosy= ) .1.—[(r/R)sm0] - The dependence of the oscillation the sum is even in. Furthermore, the Feynman boundary
probabll|§|es on path 'ef?gt“’!”.d _the background encountgred conditions should ensure that the two leading terms give
on a particular pathare implicit in ther, § dependence. With equal contributions. We then have
an iterative procedure, self-consistency between the macro-
scopic neutrino currents and the oscillation probabilities 1 o
should be achieved. J(w,X,y)= —f duu é“‘X’VU(w,u,f): +1).
(2m)%i[x—y|J -=
IV. CONSTANT BACKGROUND (52

Having constructed effective interaction Hamiltonians as From Eq.(49), we find that) obeys the momentum space

described in the last section, we employ the neutrino effectduation

tive Lagrangian [w2—|p|2— M2= O+ p-V+ o (Vo— wV
L=v[y"(id,—V,P)—M]v, (48) +iVXp)]I(w,p)=1, (53)

whereM is the mass matrix and,, is a uniform background  or D(w,u,p=+r)J(w,u,p=+r)=1. Detailed expressions
potenna} matrix. Wg make no assumptions about the (1umb%r the spinor space elements B{w,u,p=+T) for general
of neutrino generations or the structure of the potential mag ientation ofr are not particularly illuminating. However, it

trix (other Fhan to_keep in mind that_ it mig_ht be S‘”QD'JaT is easy to formally express the spinor space elements of
The canonical anticommutation relations yield the equatlorh( U.p=+7) in terms of the elements @:
w,u,P= .

satisfied by the Green’s functid@(x,y),
[Y4(13,~V,PU~MIG(xy)=6“x-y), (49 PHw.u,p=+D=[DN-DHDH DN, - (54

where i G(x,y)=(T(X) (y))o. With our convention for I w,u,p=+1)=[D#-DZD™ D!, (59

the y matrices it is convenient to define thex2 (in spinor

12 SN 11y -1 12722
space¢ matricesG,;, the “chiral blocks” of the Green’s J*Ho,u,p=+r)=—(D") D%, (56)
function. SpecificallyG,; is the nonzero X2 submatrix of - . . oo 121411
P,GP;, wherel,J can take the valuels,R. J*(o,u,p=+r)=—(D™) DI (57)

In Sec. Il we noted that, with the assumption \6f A h it lid without lativistic limit
interactions,G, r is the object of interest. We also saw in . €S€ rESUILS are valid without any refativistic fimit assump-

Sec. Il that with the assumption of stationarity it is natural to!lO"S- GIVen specific mass and potential matrices, one could
Fourier transform the time variable while maintaining inter- Solve explicitly forJ(w,u,p=+r). To study neutrino oscil-
est in the spatial dependence of the Green’s function. Definations, we then need(w,x,y), whose behavior is seen from

ing J=M 1Ggg, from Eq.(49) we find Eq. (52) to be determined by the poles dfw,u,p=+r)
with the positive imaginary pafias determined by the Feyn-
Gr(w,xy)=(w+ioc-V)Iw,X,Yy), (500  man boundary conditions
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A few general comments regarding these poles are in or- Let us examine the simplifications that occur in the rela-

der. Consider for exampl@®?, which can be expressed tivistic limit and with source and detector localization. In the
R ~ relativistic limit the poles contributing to the integral in Eq.
J?(w,u,p=+r)=(detDY[(det DH)D?? (52) take the form
_ D21(cll)TD 12]*1, (58)
where C'})T is the transpose of the matrix of cofactors of u=| | - m? e (59)
D Since the diagonal elements Bf! andD?? are second 2w|

order inu, (detD) is of order 4 in u, wheren is the

number of neutrino generations; and overall the denominator

of J2(w,u,p=+r) will be a polynomial of order 4 in u.  With the Feyn~man boundary conditions imposed by giving
This is sensible in terms of a quasiparticle picture associatethe “masses”m? a small negative imaginary patThere are
with the propagator: Each neutrino field, with two spin statesalso negative poles, with negative imaginary parts, that do
each for particles and antiparticles, represents four states. Fopt contribute to the integral; these factors each become
a single vacuum field the masses of these four states are2|w| when evaluated at the positive po)eEurthermore,
degenerate; however, the presence of a parity and rotationtdllowing the discussion of Sec. Il regarding spatial localiza-
invariance violating potential breaks this degeneracy. tion, Eq.(52) takes the form

iwl:-(X*Y) ~
Aol 800 e o
47T|XS_YD| ]

~2
( o]+ =) )J<wuf>— ‘”E) (60)
U—|w Al PR F] S I
2| o] || G
where the sum is over the poles with positive imaginary parts. We recalbthafixed by energys functions, to a positive
value for neutrino oscillations and a negative value for antineutrino oscillations. Because the spatial localization sets

==+L (with L taken to be the third spatial directiprthe matrixD takes the relatively simple spinor space form

J(w,X,y)=

u u u
d—w 1——)V0+w — =1V —o| 1+ —|(Vi=iVv?)
. o, |l |l ||
D| w,u,p=7L | |= , (61
|l u 1 vy u u
—o|1- | (V+iV?) d—w|1+— V4w —+1]|V3
|| || ||
|
whered= w?—u?—M?2, whose masses are unaffected by the left-handed effective po-

Next we examine the momentum space pole structure daential. AsD?! reaches zero, the contribution of these poles
J?2in the relativistic limit. In Eq.(55), since the residues of vanishes completely.
only the positive poles contribute, we can replacby |w| For |w||x—Yy|>1, Eq.(50) becomes
whenever it multiplies a component @f*, committing errors
of only O(wV%w?) or less with respect to other terms

present. In that cas®,, vanishes and?’—(D?%) ! with Gir(@.xY)=0(1-0-L)I(w,Xy). (63
w

D#—w?—u?-M?- —2q-V, 62 since we have choseh=(yp—xs)/|yp—Xg to coincide
|l

with the third spatial dimension, the only nonzero component

. ; 22 ; ; Mati ;
whereq=(|w|,L|w|) is the same as the neutrino momentumOfZZGLR s Gir ngh'Ch for neutrino - oscillations  is
defined just below Eq4). We note that the denominator of Cir(l@|;y:X)=2|w|I*(|w|.y,x), where the spinor space in-
J2is now only of order @ in u; thus in the relativistic case, dices are exhibited and the mass/flavor indices are sup-

. . . . 21 P : : H
two of the quasiparticle propagating states are projected oulressednote that)=* vanishe§ and for antineutrino oscilla-

This is because in the relativistic limit the spin states natulions is GE&(—|w[;x,y) = —2|w|3?(~|w|,xy). Thus we
rally coincide with the chiral states. This is confirmed by see that the Green’s function takes the required form of Egs.
noting that in Eq.(55), for example >0 cas¢, asD?  (17).

—0 asu— o, half of the poles contributing td??> come The matrix M?+2q-V (or Mz—zg‘V) of Eq. (62) is
from (detD')— 0. But foru— w, D= w?—u?—M?. Thus  precisely the effective mass matriM? appearing in the
these poles correspond to the vacuum masses; these are tlmial quantum mechanical model of neutrifor an-
right-handed particle states and left-handed antiparticle stateémeutring oscillations. The effective mass matrix can be di-
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agonalized by a unitary transformatiodM?U"=1. Thus The form of Eq.(52), together with our experience in the
for neutrino oscillations, for example, vacuum and constant potential cases, suggests that in the

relativistic limit [M2/2| w|?<1V|w|/|w|?<1 where we sup-
pressed the matrix indicgsve look for solutions of] of the

(D) ;1= 4 0% (0®—u2—m’+ie) 64 form
wherelU 4 are the elements & andm? are the eigenvalues gllelix=yl
of M2. Then Eq.(63) becomes, using Eq60), Joxy)= - Am|x—y| Flw,xy). (67)
p ol 8 gilolC-(y=x) With this substitution,
Gl (wy ) =—|o|(1—o L) ———
LR( y ) ( 47T|yD_XS| oy
24 02)3= S(x—y)ellelvip — 2Le L v
- o~ ~ (Vo4 w)d= - @ —
X; UﬁjU;je—l(mf/zwnyo—xst (65) Azn|x—y| |2|o]
- 1 R
. L +i<r-VF>——(r-VF>}, (68)
where we have assumed that the various conditions dis- lo|[x—Y]
cussed in Sec. Il are satisfied. Comparison of &) with
Egs.(17), (24) shows that the oscillation probability derived 2| ol ellolx=ylTif 1 r
here is precisely the same as that found in the usual quantumVJ= — P vy §F+ > VF- 5 —F|,
mechanical model. The antineutrino case works out in a x| o] |wl[x=Y]

similar manner.

where as before=(x—y)/|x—y|. Requiring the first term
V. NONUNIFORM BACKGROUND on the right-hand side of E@68) to cancel the$ function in

In this section we consider the case in which the effectiveEd- (66) gives a boundary condition df, namely(restoring
potential VA= VA(x), that is, we allow it to vary in space flavor indices
(but not timg. From Eqgs(65), (17), and(24), it is clear that
in the constant potential case the portion of the Green’s func- Fﬁa(w,x,y)lx_,y= 5P, (70
tion comprising the oscillation amplitude obeys a
Schralinger-type equation, the same one used in the standaygkide from this boundary condition, we are interested in
quantum mechanical picture. While one might think to sim-ye||-separateck andy (specifically |o||x—y|>1), so that

ply replace the constant potential in this Safinger equa- we may ignore the last term of E¢&8) and (69). Then Eq.
tion with a spatially varying one—thus arriving immediately (66) becomes

at the standard result—we shall go back a little further in
order to see what is being left out in the process. 1 1
In allowing for spatial variation iv*, Egs.(50)—~(52) are  j(r-VF)+=— V2F — —[M2+wV°—|w|(F-V)

unchanged; but Eq53) becomes an integral equation, as 2| o 2|l

J(w,p) must be convolved with the momentum space depen- A A Vol

dence ofV*. Since such equations are difficult to deal with —o- (VY o|r—wV+i|lo|VXT)JF+0O —2|VF|> =0,
nonperturbatively, in this section we take a different route of | o]

working with a partial differential equation in coordinate (72

space. The coordinate space version of (58) is

where in accordance with the relativistic condition
[0+ V2—M%2—Vox)—iV(x)-V V|ol|/|w|?<1, we will neglect the terms represented by
V||| VF|/|o|?) i i ith the first t f Eq.
e (VY — V(0 + V) X V)] (%) 8(1).|w|| |/|w|?) in comparison wi e first term of Eq
= B(x—y). (66) One can distinguish three casés) |VF[>eF, wheree
=V9+M?/(2|w|) and M? denotes the largest mass matrix

Unlike the case of an integral equation, to define the Green’§igenvalue squared?) |VF|~eF; and(3) [VF|<eF. One
function using this equation, we must also separately specify@n argue that_ c_a:{é) is not interesting since all terms lead-
the boundary condition. We shall assume that the productiof'd to flavor mixing are rendered negligible. Ca8gis also
region is localized to a region of adiabatically constant po-N°t Of present interest because one can argue using7&g.
tential. Furthermore, since we expect the virtual particles tghat it violates our relativistic assumption. In ca¢®),

all have the same phase just after being produced, our bound-

ary condition prescription will be that the Green’s functibn

asymptotes to the constant potential Green’s function on an®Note that one must match more than just the limiting singularity
infinitesimal sphere centered abaut of the Green'’s function at=y to define a unique solution.
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|[V2F/(2]w|)| can be neglected compared witWF|, pro-  the potential near the virtual particle production point, in
vided that|VV°|/e2<1. Writing F'=r-VF, Eq. (71) be-  other situations, one may need to be more cautious with the
comes boundary conditions.

Thus under appropriate conditions the results of the usual
simplified picture are confirmed, including the boundary
condition HA*(w,X,y)|, .x= 6°“.

1
iF'+ =—D(|w|,x)F=0, (72
2|l
VI. CONCLUSION

: . Starting from quantum field theor§QFT), we have de-
where the SpII’IO-I’ space eIement_sD:(ﬂwl,g) for Ehe par'FICU- fined a physically meaningful flavor oscillation probability,
lar case wherx lies along the third spatial axis are given  getermined that portion of the neutrino propagator that com-
by Eq. (61) with V—V(X) andu—|a|. _ prises the oscillation amplitude, and derived the
Since Eq.(63) holds under the assumptions of cd®  «gchradinger equation” for that amplitude in the presence
together with the spatial localization of the source and detecgs spatially varying background matter. As expected, the
tor, we see thaG?% is the only nonvanishing component. «Schradinger equation” really corresponds to a time-
Hence, from Eqs(72), (67), (17), and(24), we find that the  jndependent one since its derivation depends on the time
neutrino oscillation amplitudeH obeys the Schdinger  independence of the effective potential. In fact, the usual
equation guantum mechanical approach is only really suited to prob-
lems in which oscillations occur in space onlpat is, sta-
1 tionary systems like that studied hew time only (e.g. the
iH'= m[MZJF 29-V(x)H, (73 thermal bath in the early universaVhile we have assumed
the stationary case here, the basic framework could also be
used to study oscillations in space in the presence of a time-
whereq=(|w|,L|w|). Similarly, in the case of antineutrino dependent background. Ultimately, the description of flavor

oscillations @<0), the oscillation amplitude obeys oscillating neutrinos in space and time in more general
systems—i.e. those that do not lend themselves to interpre-
= 1 5 — tation in terms of a “source” and “detector’—would re-
IH :m[M —29-V(X)JH. (74) quire a formulation in terms of density matricésf. Ref.

[23]) or Wigner functiongcf. Ref.[16]).

Before concluding this section, a remark regarding the FOr situations that can be interpreted in terms of a
boundary conditions is in order. Note thBtof Eq. (72)  source” and “detector,” we have also reviewed the condi-
satisfying the boundary condition E(70) is in general dif-  tions under which QFT will be useful in describing the neu-
ferent fromF satisfying Eq.(66) with its associated bound- trino oscillation proces¥’ As long as we are looking in the
ary condition[described just below Eq66)]. In particular, ~ reégime in which the virtual neutrino goes on shiedindering
although Eq.(72) is valid naively only far away frony, as ~ @ny propagator radiative corrections to be negligible or be
we threw out the last terms of EqE8) and (69), we still ~ merely a constant shjftthe many body aspect of QFT is
insisted on the boundary condition E0) aty to be the render_ed irrelevant. In that case, _onIy the prod_uctlon/
same as the boundary condition that would have been usélftection vertex structure and the spins of the neutrinos are
for the exact equation. To justify this, we must show that theMissing _from the usual quantum mechanical treatment.
terms that we threw out are negligible even near the origin! "€S€, in general, are less difficult to accommodate in the
We can argue this by noting that for ca&@, we are already guantum m(_achanlcal treatment than the many body effects.
assumingVV°|/€2=<1 which turns out to implyby expand- Still, we believe them to be more straightforwardly accom-
ing the potential to linear order in the Taylor series abgut modated in the quantum field theoretical treatment. For weak

that in the relativistic limit the fractional variation of° is interactions, the chiral nature of the interactions combined
much smaller than 1 untlo(x—y)|>1 (after which the with the relativistic nature of the on shell neutrinos sup-

terms proportional to 1—y| that we threw out are negli- presses all but one s_pin degree _of freedom. Finally, the
gible). That means that the potential can be treated as a corfa/lness of the neutrino mass splittings as well as the neu-
stant until the terms proportional to|g+y| become negli- trinos going on shell allows one to fact(_)r out the production/
gible. This implies that one can place the boundary conditiorfete?t'o_n Q’art of the neutrino scattering process from the
for the varying potential case on a sphécentered abouy) oscillation part, reduur_\g the_ proble_m to th_e usual quan-
on which Eq.(72) is valid using the solution to the constant tum mechanical system involving a single spinless patrticle.

potential case. As we saw in the last section, since the exact To state th'? another way, we have argueq that in the
solution to the constant potential case on this splierth context .Of stationary systems, _the quantum field theoretic
the appropriate boundary conditiois, up to relativistically ~formulation used in this work is not of much use except
suppressed terms, the same as the solution obtained by Ev(\jhen one or more of the following is true: the on-shell neu-
(72) with Eq. (70), we can just set the boundary condition for

the varying potential case using E@0) as well. Note, how-

ever, that since our argument depends on the adiabaticity of'%any of these conditions were noted in Reffs0—15.
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trino momentum is nonrelativistic, the production or detec- ACKNOWLEDGMENTS
tion vertices are non-chiral, the external particle wave pack-

ets vary appreciably about the_ pole valvalue of the wave We acknowledge the warm hospitality of the Theoretical As-
packet evaluated at the neutrino momermaer momentum v sics group at Fermilab where part of this work was
variations of the order of the inverse source-detector distancg; ried out. This work was started at the GAAC sponsored
1L, or the effective mass splittingsletermined by the ef-  neeting held at the Aspen Center for Physics. C.Y.C. is sup-
fective potential including the background matter contribu-ported by DOE Grant No. FG02-87ER40317.
tions) are large compared to the spread in the momenta of the
external production/detection particles.

When the neutrinos are non-relativistic or the interactionsAPPENDIX: BOX QUANTIZATION AND LOCALIZATION

are not chiral, more than one spin contr.ibutes per amplitude. In Sec. Il we discussed the crucial role that wave packets
In that case the usual quantum mechanical treatment must_ lb‘i’ay in the localization inherent in neutrino oscillation ex-

modified to incorporate the effects due to the various spifheriments. Studies of vacuum oscillations in quantum field
components. In partlcula_lr, in this case an oscnlatlo_n prOb’[heory typically begin with some kind of coordinate space
ability cannot be determined apart from the production anQjescription of the external particles, with the connection to
detection processes since two neutrino Spin contributions ak@e under]ying momentum space wave packets not exp||c|t|y
summed before the amplitude is squared. This is, of coursgjisplayed. Since normalization in quantum field theory is
automatically accounted for in a quantum field theoreticgenerally fixed at the level of free-particle momentum eigen-
treatment. Also, if the wave packet varies appreciably aboustates, fully normalized event rates cannot be computed un-
the pole value when the momentum is varied®1/L), the less the connection to momentum space is made. The usual
wave functions of the external particles creating and absorbpractice in the literature has been to ignore this step, being
ing the virtual neutrino do not simply factorize out of the satisfied with the identification of the factor called the “os-
oscillation probability amplitude. Refereng#5] is a study cillation amplitude” in the simple quantum mechanical pic-
of one such situation. They find that the oscillation amplitudeture. The complete connection to momentum space is pre-
can exhibit a novel “plane-wave” behavior. Just as with Sumably a straightforward exercise, though perhaps tedious
most effects, this probably can also be accounted for in thé the context of general wave packets. However, as shown
quantum mechanical formulation, but it is much easier in thdn the text, the box wave packet allows a simple, reasonable
quantum field theoretical treatment used in this paper. Th@PProximation. For typical microscopic processes, a standard
involvement of the details of the external particles’ wave "Ik used to relate th& matrix to rates and cross sections is
function in determining the oscillation probability also ap- to employ the fiction of a box with quantized states, .Wh'Ch
plies when the effective mass splitting is much larger thanreproduces the box wave packet results. For pedagogical pur-

the momentum spread in the external wave packets, but iRgsgfét\gebZi;i dc%r:fci):iitr?ﬁetiitt;?ﬁalfSea(r)t];cflless:rgltl?Lgcggl?r;a
such cases, it is not clear whether any neutrino oscillation3<P 9 P

can be observed in general because of the strong suppressi rﬁedfgrer;[]eg;oEr—(lle)a?: tﬁliiinelﬁrziisr:ic(j: g'refggcf tﬁg be(\)/f:; gztre\"/em
of the amplitudeghowever, see for example Réf.5]). g42). PP

We here make a few comments regarding Majorana V%he double duty of imposing the localization of source and

Dirac neutrinos. If the neutrinos were Majorana instead otdetector necessary to the existence of oscillations, and the

Dirac, the only general arguments that would change ar8”) (MU P8 BVCR BEL ERE0A8 SR B0 e o
those dependent upon the existence of a right-handed neu- P

trino. Although we couched the mathematics in the DiraCoscillation process. The first vertex of the process we con-

spinor formalism, owing to the assumption of chiral naturesIder mvolve_s the scatterlng_of a charged lepton of_flayor
off a proton in a source region of volumés, producing a

of neutrino interactions and the relativistic limit, none of our . | stat i fined to th ' 4 2 virtual
general arguments depended upon the existence of a rigﬂ?a staté neutron confinéd 1o the Source region and a virtua

handed neutrino. Hence, our conclusions for the relativisti eutrino that propaggtes over aI_I space. At the secpnd vertex,
limit are also valid for Majorana neutrinogEormulas for he virtual neutrino interacts with a neutron confined to a

“neutrinos” apply to negative helicity Majorana neutrinos, dﬁtectl(()jnl region fof]IC volume/?, grodu;]:lng a proton a_nd
while those for “antineutrinos” apply to positive helicity charged lepton of flavoB confined to the detection region.

Majorana neutrinos. The free Lagrangian is taken to be

From our justification of the “Schidinger equation” for
stationary, flat spacetime systems, we expect that the heuris-
tic ansatz used in Ref24] for _studylng neutrino oscillations Lo=>, f d3x (i Y43, — M) i
in a stationary curved spacetime to be valid to the extent that s Jvg
the flat spacetime treatment is valid. In a nonstationary
curved spacetime, in addition to the time dependence of the +2 f d3xEd(i YEG — M)y
potential, there may arise extra complications of using the d Jvp K’
Smatrix formalism due to the nontrivial Bogoliubov trans-
formations of the asymptotic states. This also deserves fur- +2 d3xJ(i yE9 , —m)i; (A1)
ther investigation. i ' a v

C.Y.C. thanks Georg Raffelt for helpful conversations.
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where the indexs runs over the particles confined to the 1 _ _ 42 - dx° - dve | a3
: ; . ap= "9 X y X
source @,p,n), the indexd runs over the particles confined —w —o Vg

to the detector 8,p,n), and the index runs over the neu-

trino mass eigenstates. The box localization is really a result > d3y e " el
of complicated classical potentials preparing the initial state. Vo WsV2E, VWg\2E,
The expansions of the source and detector particle fields ) ) .
are” eflk-x efll»y ell -y
X
WsV2E, VWp2E, Vpy2E;
ik’-y

Xm[uﬂ )Y*(L—gaysiu(l)]
X[u(k") (1= ¥5) (GP(y,x))y,(1— y5)u(k)]
X[u(p’) ¥"(1—gays)u(p)]. (A5)

Here k and k' are respectively the initial and final lepton

_momenta,p andp’ are the initial and final source nucleon
where the momentum sum is over the discrete momenta ar'?nomenta and and |’ are the initial and final detector

ing from the application of periodic boundary conditions t0 y,cleon momenta. The propagator or Green's function,

the box, the indexs is over the spin states, and the commu-. _ 4, B — ; .
tation relations of the creation/annihilation operators are OllG. (¥ =(T{wg(y) va(X)})o, With T {} and()o_denotmg
a time-ordered product and vacuum expectation value, re-

i _
the form[a,, 0.5:8p1 g1 1,517 Oppr 8gpr 5,50 - IN CONrast, the spectively, can be expressed in momentum space as
free neutrino fields have a contmuous momentum spectrum,

l/’s,d(x): \/m 20; Ep:

+ b;,a,(s,d)Vp,a,(s,d)eip'X], (A2)

[@p,0,(s,d)Up, o, (s,d)€ 'p-x

J

4

s
Ba(y )= —is-(y-x) gBa

G™*(y.x) f(er)“e G™(s). (A6)

d°p - Integrati 0 y°, and s° in Eq. (A5) fixes |s°

(%)= a(p.oiu(p.oire P X gration overx’, y°, and s® in Eq. (A5) fixes |s°|
o= | S Lap ) niegraten v
+ . i ip-x _Ekr_Epr_E|r).

+b'(p,o,i)v(p,o,i)eP ] (A3) We letVg andVp be cubes of sidelsg andLp, centered

onxgandyp, respectively, and employ the approximation of
Eqg. (21). Because of th& — A lepton currents, the relevant
block of the Green’s function i$5, g. Suppose that this
block of the propagator takes the form of Ef7), with HA*
having only flavor indices. Changing variables x6=x
—Xg andy’' =y—yp, the amplitude in Eq(A5) can be ex-

with [a(p,oi),a’(p’,0",i")]=8*(p—P') S50 Sii: -
The interaction Lagrangian relevant to the first vertex of
the process described above is

pressed
|—|:_gf dBXZa'yM(l_YS)VaJD')’,u(l_gA')’S)'/’n'FH-C-l T = ig® (B +Ep+ Ei—Ew —Ep —Ep)
Vg aB™
(A4) 2<vs>3’2<vo>3’2|ya—xS|( 11 JZES) ( I ¢2Ed)
S

i(k+p—p') Xgai(I-1"—Kk")-ypg Ba
whereg=Grcos6,/\2, G is the Fermi constant, is the xe e PH™(Eq.Yp Xs)

Cabibbo angle, and,~1.26 is the neutron-proton axial vec- | | _

tor coupling. A similar interaction Lagrangian describes the x| [T A(u', Lo A(v',Lp) [[u(I") y*(1—gays)u(D)]
interaction in the detector. The relation between the flavor '

fields and mass eigenstate fieldwijs=>;U ,;¢; , where the <Tu(k’ 1= vau(a) " Tru- 1— v u(k
U, are elements of a unitary matrix. The amplitude for the [u(k) 7, (1= ygu(@) - Jlu @)y, (1= ys)ulk)]
neutrino production/detection process is X[u(p’ )y (1—gays)u(p)], (A7)

where the indeX is over the three momentum directions,

USince we are taking momentum quantization “seriously” in this Y= k+p—p’ —av v=I=1"=k'+q, A(w,a)=(2w)sin(wa/

approach, it is convenient to adopt slightly different normalization2), andgq=Eg L.

conventions from the ones used in the main text. The differences AN event "ate is obtained by squaring the amplitude; in-
are easily deduced from the explicit expressions for the field exparterpreting one of the energyfunctions asl/(2), whereT
sions and the commutation relations given above. is a time interval; and dividing byl. At this stage we will
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also make the approximation of a continuum of states in the Equation (A8) represents the rate per source proton,
source and detector, i.e. takeg?2),(Lp/2) to be large. In  source charged lepton, and detector proton. To get the total
this  limit A(w,a)—(27)8(w), and [A(w,a)]> experimental rate it is necessary to sum over these source
—[(2w)sinwal2)|,,_0](27) s(w)=27a S(w). Finally, in  and detector particles. Employing the usual classical distri-
the continuum limit there is a phase space factor of the fornpution function, for uniform spatial distribution the number
d3p V/(2)? for each final state particle. The event rate ob-of particles of typex is

tained from Eq.A7) is then

4 + + - T P ! d3p
dFa :g 5(Ek Ep E| Ek ED El) Nx:VJ’_gfx(p); (Ag)
B (2m)
a2m)*vsL?| ] 2ES)(H 2Ed)
s d
><|H'3“(Eq,yD X9)[28%(p+k—p'—q) so that the total event rate is
X 83(1+qg—1"—k’) d3p’ d3’ d3k’
( q ) p ar _fv d3p f(p)v d3k
_ exp— S5, \3'p S5, \3
X > [[u(1") y*(1=gays)u(l) (2m) (2m)
spins d3|
— L - Xf (KYVp—=m—=f,(Hdl",;. A10
X U(K')7,(1= y9)u(@)]Zu(@) 7,1~ ys)u(k) Vo mafedles. (AL

Xu(p")y"(1=gays)u(p)|?]. (A8)

We note that one of the factors df5 cancels, leaving one
Using standard plane wave methods to compute the neutrinactor each ofVs and V. These remaining two volume
production rate and cross section factors in €9}. it is easy  factors are replaced hy?xs andd®y, , and integrations over
to verify that Eq. (A8) is equivalent to Eq.(1), with  these source and detector positions are performed. While we
P, [HP(Eq.¥p Xg)|?. As noted in the text, explicit have explicitly shown how this works out for our particular
computations yield the oscillation probabilities found in thechosen process, for any neutrino production/detection pro-

usual quantum mechanical model. cess one factor o5 andVp will remain at the end.
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